Bogomolov-& [f]-Yau A& %2 ® > T
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2258 B D Chern FEICK L CHAZL, B _LDOFZRICT DOV TD Reider B [Reider 88] 72 &
BE)HH% b Bogomolov A&, &% [Bogomolov 78] A% Mumford O =A% A
ZAGTIHAL . FERXOFEHIPLHL2 DI WD THo7ed, ZORERITH L Tidk
IZ [Gieseker 79] (IEfE%t#% Fi\>5) %, [Donaldson 87][Uhlenbeck-Yau 86] (/b -Hitchin %I
DfFP:, T7bb Einstein TV S — FEFROFEZ M 3) 75 EORREARER S 1, KIS
1% [Miyaoka 87b] THISEHIA DR AN E 2 617z,

— e O (REERD)  Chern B § 2 & -Yau A% [Miyaoka 77] & [Yau 78] IZ
I O& B s PRI VINICEEAS Nz, B -Yau A3 2 0B ([Sakai 80])
BB ehE ((Miyaoka 84]), RTINS ([Miyaoka 87b)) DFENE—fRILINB L &b
12, FESOMBOFMPEERE EOSERM, X612 3RuRESKEO T EHER L L, #
IR DI R E 7,

Bogomolov A% & Bi-Yau FERIF L DT e 28 2 DEBETCT oI Z6NE L)
BELTED, £LEZCORBOREEICERL Tw5 vy [T, FLEEEEOHICLHS 2
THBD, EELVWELEZDL T AAZALEIBT LOHS LTI aro/k, IhzWohIl Lk
D% [Simpson 88] T, EM-Yau A% H 27D Higgs HIH§ 5 Bogomolov FAER & L TH#E
WTEBZLERLEDTHS, L2Lahs, HOAEIR Higes WD Yang-Mills Hlaw 2 EH L
T, ZE Higgs RICTHFEHE (harmonic metric) ZE L, 7583 % Chern ERXZFEHET 2 LW
IHDT, TbOTHBENTH D EHLMITIAMEZHE L T2, ZOREIRT Simpson DiFR%
W5, REMLT2ILE—EDRELET21ETTHS.

ZDFETIE, [Miyaoka 87b] 138\ TR L 72 i BV 20 B2 8 D B B 1) 2 FLEEDHIEID
SR 7 (Metha-Ramanathan OIRERE, 7V ILEEM, Bogomolov A%XK) B LU
[Miyaoka 77] T/ L 72 5[ -Yau AEREMI L 72D b, mRICH AV ZEEE OB E 1T 2 4%
EVEFRERIZ TR T2 D £ % Higes BOBIC ML TE 2 L), EEVRLRLMHERZHENT 5.
FEHDFERFEEIREN»OWENTH D, HiF -Yau FEXDBERITTANDEL D—BALD 2D
P A TIHATE 5. b5 5 AMEN L 13> T b BRI T BRI I 258 b A= 2 D
T, FEIEAERE LORI T 28XV 7 v b SREI G,

DTFTRFICZELER0HED, RESREIE TN TERBEG LEREIN TR0 LT 5.

1. REBER EORENT MLR

Mumford ZfEEAEICH S bNDEY 2 7 A MEEEZ 5 ICBEL TE, BEOEBICENS
bDTRTEREZLZLEARNEYTHY, @Y I OEEEZ D OLDRZTITHRZHIBR L 217 0uL
%67\ 2 EZFRE L [Mumford 65]. 7 & 2 IFREMHMR C ZEELTC L2 T =07%
HORY PIVREEZ LI, ERKIC K 2EHRROIEKR

0—-0(-D)—=E&—=0(D)—0

REZ, ZOWKEE ¢ € Ext (O(D),0(~D)) ~ HY(C,0(=2D)) £¥%. deg D >07%5 ¢ #0
LB LDNHEET S, ZOIKEE AN T 5 te TEHEMMZ S LT FVHRO—FEEIE & 3



BoND, (40745 &=ETHBY, & =0(-D)@OD)£E Tho. DED, & X t+£0
TRITRTEA-TH Y AH5, t=0TERI x> 7THILICRY, £ L &EOWHEAL L)
BEVEZLIABREMLT 52 LRFHNICTE A (FEL LET 5 &, BiFENA
—RPLTLOHAEE L 2o B WABNERICR2) . Leh>T, & D&% TREELRR,
1, N7 PVRDESY 27 A LPRL BTN RS2 WDTH S,
Mumford 23% Z 7 XL WIHE L1, TEM (stability) PHEREM (semistability) & XXtz b D
ThHsb, ECTEZLELI)BHBELORY PVHRIZBAL T, TOXIICLTERINS.
REUAR (287 bV —<Vl) C EOXRZ PUVK EIHNLTE DRO—" (slope) u(€)
% deg £/rank £ € Q TEET 5. £ VEMIE L; DEMZ S, ZDAB—7I3&DDRE deg L;
DFHETH 5. £ DHERE (semistable) TH 2 &%, £ DEARIFAWHREDHE F #£0,€ %2
EoTYH, w(F)Sp(&) BWHALT 22 E2E ). 5L, BICEOARERMIT2%61E, £
IZRTE (stable) TH B L\, —H, FLETHR £ IZRLE (unstable) & X%, Mumford
BIDEEZHVWT, C FOKWF D 2—2BEELLLE, 1) B r OZEXZ FIVH £ T
c1() =0(D) L2 bDDEY 2 74 BHEVBEFFLRAEL LTHEEL, £/ 2) ZEXT b
WVRDEY 2 7 4 EROBRGHFNa V7 Mbz LB L, ZOBERIIZERY FVEROEMT
DOHLGETL R VIR (polystable X7 FILVIR) DEY 254 EMICR>T05 I ERFFHAL .
—HRDNT FIVRIZ D B A AFELETII R DS, Z DEATEEERN L filtration (Harder-Narsimhan
filtration) 23H > T, K74 VT —IINIET 2 ENRITELEICH S, TNRFEAL X9,
BEr 0 RMEZEPDLNEV) RZMAVREZ—DBEET S, ZDLE+DRKELRBOER
WLZEDL, HORARECLY BEEL, ZOILPOERED FCEITRNLTu(F) <degL
BRSO Ebrd, D%0) £ DEDEDOAT—T7 {W(F); F C £} C (1/r)Z 2MEBEE
bizERTH B, Lo TRAME

Pmax(E) = oT2x, w(F)

DIFEL, € DERARAO— (maximum slope) &FEE. .. (8) ZAR—7& L TERT 285
RDOBFy CEMHNUL Y, Fo CER M Far DARAE—=TH ppax(€) £7% 2 2 EDEHICHD
5., L7332 T pmax(E) Z AR =IO DEIRD ) EHRRDOD & C EVFET 5. & 1ddb
RIVIZEIRIR AT (£/&y 13 torsion free) TH D, T2 & & € S HRICKLE—DEZ 205,
EDEEOHCHEIX & 2RET 5. & % £ DERAFRLZEIBAER (maximally destabilizing
subbundle) &9, EED S u(&) = pmax(E) = W) THY, F7z & FPLETH S, M
TO3EAPABETHZ I Lb T bhs.

(1) & HELIE,
(2) :u'rnax(g) = /,L(E)
(3) & =¢E.

E BAKETHIULZ DIRANLEMTAH £ IS L DHHK /& ZE A, ZNREFALET
HNUX, ZDRRALEMEDHZ £1/E LT, £/& 2FEZ D, TDX) BEEZEDIEEIE
By P IVIRD EAS

(HN) 07550C51C"'C5525

Th->7T, 25



(1) &/&;_1 & torsion free (HHfE LD TR FUVRTH 2 2 & LFAME) TH Y PFLE.
(2) n(&o) > n(&r/€0) > -+ > p(Es/Es—1)-

ZHLTODRHS, Lob £/5 1 DERAZENTIRNE THEILbbhrh, 2Dl L
235 ED X9 BRI 1377 —D L\ I LWMES [Harder-Narasimhan 74]. 29 LT E 256
—BHIEE 2RO LRSI (HN) % £ ® Harder-Narasimhan filtration & -5

0 DR T, BREELDEHEBCRIND I LERL ) BERAEBL EERICE VT
BT L RN | REMTHE C ODBHE f:C - C 2D, C LOXRT PR E
DARLER S, ZDFERL € bARETH 5. EE & ODRRALEMHEIR & = L,
& C FE T u(fr&) > u(fr&) L2265 TH5. f D Golois BiEE f: C— C E5HUE, &
BB C - C — C W TE2h6, ETREERLD,

E DARLEE = [*E BIPEE = [*E DIALE

Thb. LrLER € PRRERSIE, bLDE YRR ELRDTH . EBE, &) PALE
ThDEREL, ZOBARZECHESIHE2 F LT5. BlcEBELLLI I, 6 DACAKE
F 2o, BCWBEA a7 Gal(C/C) ¥ F 2L, LEd>T FIREDHARF O f I
E2BERLICES>TED, FlE & ODRAALZENTIRTHS., i &€ BALETHS Z
LEBWT S, ThOLAEBODEWNE - C - CITWLT, € DAREWRE &€ DRNEEMR,
& DYEEN & € DHEEEDRMBEDRETH D, £ DRRALERIROGIERLBZNZ N
DERAABENHSETRIC > T0WBE I b -oT. Thbb¥EREMY Harder-Narasimhan
filtration [IDIFHEICEHLU TARETH 5.
LZEVED AT ER 72 o LSBT 2 @RI AT T A 6N 5.

I 1.1 [Miyaoka 87b]. & ZREHMR C LORE r D7 PAREL, m:PE) > C ZE I
HBET 2 5P 22 (SR 27 VIR £* 525 0 Ul 2R E, HAL C fEATHl- 2 FZEH) ,
H % P(€) £® tautological KT (m,O(H) =€) £$5. ZDLELUTDAFKMFIIAMETH 2.

(1) & 13pFE.
2) P(E) LD Q WF H — (1/r)r* det £ 3% 7.
(3) P(E) DHNKBEERT —Kpey/c &% 7.

(4) BARIEDS r TEIDYIN S &9 BAEBODEWE f: C — C KWL T, fE(det f*E)r) 1 C
ERIED»DEELZRT FVIR,

I CHELIME Z o Cartier AT D #3% 7 (net, numerically eventually free) Tdh % &
X, Z FOEEZEOMEE C 12 LT DC 2 0 23T 5 2 £ Th B, Kleiman O BEEHEE
([Hartshorne 70] 2ZM) 1< k4, * 7 2WTFI3EEL Q RFOBIRTH 5. =7 2 Mo
MIcE Wiz 3 &, Z O Kahler IWR w 2—2BEELRLLE, EED c>0I1INLT, OD) D
Hermite 5l h 29 £ o7t &, 2DV v FHliFE Rich = 00log h/2m/—1 &5 —ew T2 5
Wxzons, $4bb Rich+ew 23 Kihler ERIC2 2 2L THS, £/ Z LD PIVESD
¥IF (semipositive) TH % L 1%, HET 25D tautological line bundle 2% 7 ThH 5 Z L %
=9 MSKMINICIE, FED e> 01 LT, £ D Finsler itE% 9 £ ESE ZOHFEDL —cw
TFOoMEAONEZETHS. £/ & D¥A (seminegative) & IF, Z DI £ PBHIERT



FVERTHZ I L2V, EBRPOEZIEEINLED, FIE (CFA) X7 PLVRALOT v
VIVRIEEIE ($8) TH 5 [Hartshorne 70].

EE 1.1 ORBIVRFEIIEESHCHE Tl H 2 039% W TH 5 ([Miyaoka 87b] S I /-
W) L B EATIC X BEEH G FTRET, Z4UCiE det ZHBARZLER 7 PIVIERIZ C OEAB OB
SU(r) BEAPSEED, L7dl> THENYZ FLVHTH % L9 [ Narasimhan-Seshadri 65] D&
ReMCD CFERNY PVHIE, ZOMOROMFIIFETH 2 2 LD oFERETH D, I5IC
ZoE/ P —KEBENL S, FHEBIRZEABRZVOTEETH S, Lidi>T SU B
MWEREDPO/FON XY MVHRIREZETH S, ETMIERBRDEY 2 74 DRITCELRERY PVE
DEY 274 DRILB—ET 5 LD LEIEL TARNUIBHRICOD» 5. FREITZEER 7 bIVED
BERRE»P /O NS 2 EDFEHTH 205, C OWEHE LETHERSIE £ FEHICZ 205,
COBAWRIC i (C) AERFHEZHENT ) .

ERUEHICH B 5 (4) DERIE, BEYICERRZ TV VLT E OREE 0 LEEMNLTE
T, € DFLEML & DFIEME CPAaM) CBIRTZ2Lw) L THS, HIICHERLA X
I, FEORY PVERELDT v VY AEIZEIETH % [Hartshorne 70] 225, KDFERMDHES .

R 1.2, (TYYNEICK BHELERDRE) . NT PR E F IWERERGIE, E@F bPEE
THD, FRER7 P VEORHELLRBILLELETH 5.

K126 ELBICHUTDR 13, IHICFOMBEBELEL TR 1.4 2EH
% 1.3 REME C b, B r 0 £ IRELRETHEET R, IDLE E,

(1) m Z21EE%, D 2Z2RFET 5. degD >mu(f) %61E
H°(C, (Sym™&)(-D)) = 0.
(2) B o Z2BEET 5. degD=a LT 5L,
dim H%(C, (Sym™™&)(—mdet £ + D)) = O(m"™1).
% 1.4, RESHRE X EOIRRRIROE {C} LS r @ torsion free J& € 2% 2 5. |, Cs

¥ X b Zariski A TH D, —BD C, 1T € ZHIRT 2 LLLERZ FILVEKICE>TWS LRE
95, IDEE,

(1) m ZIE8%, D% X EOWTFET 5. DCs > mu(€)le, %613

H°(X, (Sym™&)(—D)) = 0.

(2) B o ZHEL, DCs=a L% 3HF D ZHEUZ,
dim H°(X, (Sym"™&)(—mdet £ + D)) = O(m T4mX=2),
F 14132 THKWFENLZBZIGBE hoine b, Xofi EEEOLE) B XU 8H (Higgs
[ED5E) TEFLT %5 Meht-Ramanathan OFIRER EflAGDHES Z EI2k D, %5 torsion

free FEEZE L ZEE Higgs D Chern FHICEIT 2 A% TH % Bogomolov AEX % E  HE
ERTH 2 .



2. BRTHRELEER L DXL FERE & Mehta-Ramanathan OFIBRFEIE, Bogomolov FEHF

X % d RIGOIHRFE LML L, ZERE (multi-polarization) H = (Hy,...,Hy_) 2 &
SERRTFOFE T2 BRI H, BWIXNTH—D H THI5EEEZEZ D I L% po773, Rk
RED LT E ZIEREEDE L TR C 3 B58 2 wall crossing DBIRZEE T 5 LTI, R
Wz —@ OB T I LD TEZSERBEOE ) HBHRAT - EHICES) . £ % X LORESEr
D torsion-free B L ¥, £ 0 H AO—7% pf(€) = (1/r)Hy - Hy_1c1(E) TEHET
(Hy,...,Hy_1 DIEFICEEL S, H2n—7t3 & 2Mif Hin - -NHyy CHIBL BN
N7 MVEDOZT—TTH ). HEOBE LA £ 2EELLLE, (WI(F),Fcgyc /e
ELERTHY, ZORKE Thbb & DBA H A0—7 (maximum H slope) uf, (€)
HETS, ik H Au—7% HAu—7LLTERTLLIRHEDEF C £ D) bR
DHD E DL, £ DEKRK H REE(LEBSE (maximally H-destabilizing subsheaf & FFIE4L
2. —ic A (F) = MHH:ax(E) 7% 51E, £/F O torsion part DHEIFRIXIG2UETHY, &KA H
REEAIE & 1FEBIICENIEEDE (/5 I torsion free) TH B (€ BIR7 PIVIRTH-TYH,
Eo R E)E FMBTLHRYZ PV TIEAR) , $7RD3EMFIFAETHS.

(1) EEOIFEBRESE F c £ e L pf(F) < ul ().
2) pl (&) = T (€)
(3) & = €.

IS DEMDRITT S L X, £ 13 H ¥BRE (H-semistable) TH 2 L9, 2OEEE H TR
F (H-unstable) TH 5. (H OFS He B3 XCTHA—O H TH 2561, H FLE, HFLE
%, HY¥EE, HAREZELW)).

£ H BEEERS, ZOWN Hom(E,0) b HPLETHY, - LEEMRLTZL ERL
b HBRETH L. £V H RRERGIE E/E DR H NEEEIE &1/ %% A, torsion
free 7278 £/E DIRAR H NEFEAIDIE £,/ 2 EZ B, TDX) BEERZBVIET I itk
T, MfRoOEA LEEEZ D54 d Harder-Narasimhan filtration

0£&ECEC-CéE =€
DI —DEFE B, MR H S, Harder-Narasimhan filtration {&;} 13 2 F&ff
(1) &;/&;_1 1 torsion free TH h H PERE,
(2) w1 (E0) > p (E1/€0) > - > T (Ea/Ear).

B AT T.

LEFEHZEEL, £ OB &, £ AL &, H FLEMT s ICBIL T open condition TH 2.
Thbb &2 HYRELERD s 1337 A=Y EEOECERES REEBES5Z 5 s HEHE
HETH B EIF, RARLEMSEE P(E) DEIFEG EMEIE S 2 LItk D, Hilbert AF—
LOBHRMSHES) . AU LT & #EE L CLERBOLY H, 2% 2L &3, H TREH
DIEH A ¢ BT 2RISR 2 2 EHEICHD B (ST X =Y 2B THA, H 13 BEZ% Q
HTF5k2i2#E2 52 LICT5), fFELFlE LT, MELOXZ PAVHRE=0(D)®O(-D)
REZDLE, ED HPREKEEODBELIEME HD=0ThHh, Z0XH)% H ZESE
HE L BFHOIET DO R TH 2.



EDH ANREL S, JERBHE Y 2863 /mHy_o| 7532, Hy = (Hily,...,Hy_sly)
LB, BKHBYEE OV ~OFIRO Hy Au—713 £ly D2k h AR, Lidio
THIR |y 13 Hy FLETH S, Lo LB LORIIET, RLEL S OOHIRSREE &
BRBZEBWID I B, LR X =P, £="Tp, H2ERPEDZHRF, Y =H=P! T2
X, BERE 13 H FRETH 2, HREly =002) 0 0(1) BARETH 2. D% b IR
BELAIRTAOHRIE—BICELEEZREL v, L Leds, BT Y 2ERICE VR
BELE L2 bEMEROE»r THa—Ka 51F, ¥V ~ORIRIEZEEZ 2D, Tabb

M 2.1 (Mehta-Ramanathan DfFREH [Mehta-Ramanathan 81]). d KICOIERFEGHE LR
X Eo torsion free J& £ 28 H = (Hy, ..., Hy_1) FEETH 2 LIRET 2. +OKRSHEE m %
B (COBEAZTNEE VAR (X, H EWLE>TEES), Y % [mHy | D—BOT (53
Zariski BIEADIL) T3 L, &y 1d Hy FLETH 3.

FLEA.  SEfMER T = |mH| ~ PV ¥ XU incidence variety I' = {([Y],2) 2 € Y} C T x X 2%
Z%5. T3 TxX OVHAYIKTHY, Leftscetz DEI L D Pic(T) ~ Z @ Pic(X) TH 5. —fi
DY eTIZHLT, Ely DRAANLEIMOEZ Fy LB, [Y] 2823 Lick>T, Tk
TS NI E pric€ ORNERATE F 2 BRICHER ST 2 2 L3 TE 5 (REIWICIE Hilbert scheme
DHERTH 2) . FRIE X FEBRINLBOFIERLICE->TwE L, Thbb X ~DOE
prxy D7 7 A= (§XRT T =PN OMPHTHD, pry PV HTH2) FEHHETH S Z
ERBARK G, FOWSe s LBE, FII7 74— FEHWHALZE prif K&EhTws L
ZRGHERIE, FEHTNERMEE det F = 1 (F) 28 prgPic(X) DIGE B> T W15 E W) EfF LR
ECH2. ¢(F)=—mprjiL+pryD 6L, Y] eT ZHLT, prp([Y]) =Y ~L ZHIRT
WEEHLZRTTH 295, OD)|y CN°Ely) TH5. 22T m MBIEFIIRZFVEVIRESR
iR, Serre DWEHER LD, LOEAEEER%E OD)Cc \N°E kb L2 enTcEs, %
ITBHEMD Y] eT KL ThH, OD)|y & N\ Elyr DERRRZEMETHD, LidisT
bbb O & BRI \° F = O(priy D) TH L Tide s, GEHT)

DL EDFERRIZIEE £ Al ERES 2 DR 7 LR TH 3254 Mumford 2352 7-b D GRF
#) %, Mehta & Ramanathan 2> — B OEBEICZDFEFHELZSDOTH S, IHEIEY E-T
Riudb»z k512, X PFRFETHL2 L 0IHIREREETII R\, FEL ¢ REERRER
ELALEETDHDICIE, FFREDRRIGB2HUETHB I EBNETH S, Lidt> TEHR
2113 X ZIERRIELIREE LTHHIT 2. £ X O0b ) IcZ2 OWEEENC X 2 1ERZ2 &
p: X =Y BEOpE #EABZLICkY, H DK H; \oiT 254 % big 7> semiample
(BHDEDEE m B3H->T, |mH| BELEZLETWEENZEDS) 125D TH I, 291
Te—HAGIZEAMI 2 b DITEE v L idWvw 2, BNSIREERR 2 ERER A E M SREADIEH %
EZBDIBLTUIE) LTHREIC RS,

B 2.1 25 OPDOEELRIE). TR 1.2 LAGOEIERP D 5.

%22 EFWHYRERSE, EQF b H¥LETHS., Bz Sym™E 2 N F b H $%
ETH 5,

% 23. D% dRTEME X LORT, AZEHRTEL, B r 0 &2 H PLELRET
5, ZDLE

(1) HO(X, (Sym™&)(—mdet & — A) = 0.



(2) HO(X, (Sym™™E)(—mdet £ — D) = O(m"+4=2).
(3) d=27%561%, x(X,(Sym™E)(—mdetE) < O(m").

% 2.3 (3) IChEi D Riemann-Roch %W T 2 &, XRDHE 4% Bogomolov NEXDE 5
ns.

EE 2.4 ([Bogomolov 78|[Gieseker 79][Miyaoka 87b]). X % d RIuIERRHF LRI, SH

H=(Hy,... Hi) #8ELHTOH, £ %W r O torsion free BE T2, £ H FLEAS
%1%, Bogomolov A&

(r—1)Hy - Hy oc3(E) £ 2rHy ... Hy_sc2(€)
MIRALT 5,

FEPE, Mehta-Ramanathan 12 &> T, X d =2 DRRCFEL, ZoHE, TOARERIR
2.3 (3) % Riemann-Roch Z I\ THEEHZ 72 DIl 57\,

DL #5231 [Miyaoka 87b] 12 & %. [Bogomolov 78] ®FEHIE [Mumford 65] DIEH
HAEHE2HWTED, b DIz v, [Gieseker 79] I IEFHA~DERTLZ > TAEHL T35, X
F MBS X3 1c, (€ 93_2 bV, H=(H,...,H) Th2EEIE) MOSTICHE 30
Bk -Hitchin S50 5B 6 N2 BIEEHAG H %, ZOFREHIBKEEZAV2 8D TRLTHL I
B, REXRTEEDVHLT 270 DBBERNFEN 2525 LI RELM[ELBDH 5.

K - Hitchin S5 & 13 —< VI EDOZER7 PVHRIZH T % Narashimhan-Seshadri D%
Bo@mxftthdh, RO L) ITdR6n s,

I 2.5 (E-Hitchin M), (X, H) 2 IERFRLHPRESEE, €2 X LOXT PLRET 2,

(1) ([Kobayashi 82]) £ %% Hermitian-Einstein sl &% b TE, £ 13 H ZE~N7 bVROEMT
b5,

(2) ([Donaldson 82][Uhlenbeck-Yau 86]) & 7% H LHE~7 L VH 7 61X £ 1¥ Hermitian-Einstein
ArEZ b,

H %257 € |2 Hermitian-Einstein 3H&23® 41T, £ @ Chern TR 2rca(€) — (r—1)c2(€) IF1IE
EATERIC D, 012k EE, £ DB (conformally flat) 7% 5% 2 EHEMEE %25, (E
B 25 TiE HZEL LTS, —ROSERBICNT 2 H ZE~NO— L TR TS )) .

% 2.6 (Narasimhan-Seshadri DEHOERIGI) . X EDOR7 FVIR € 237 AIRE %R Z b D
DB EE, € DBHWR ¢, 00 € H(X,R) b0 HZERY PIVROBEMEFARTSH S Z
ETH 5,

3. Bogomolov AEX DA

S % IEE RAEN, £ #WEE 2 ORI PR ET S, £ D Chern 2% Bogomolov AEHX%E
W72 X 72\ (Bogomolov REE L)) T2, £ BRAIGERRZEL LY, MTOX
ITL T s,

D7D, detE =0 TH B ERET 5. (ELIHIEREEE TCOLHITTERREDT VY
NMEE LT ZORERFICERTE 30T, It RiEBEADNS ZLidhy) . ZO5A,



Bogomolov NEEMEIZ c2(£) <0 W) FHFETH S, H #EBELRT LT 5L, Bogomolov A%
ERRER 2 D E I HALETHY, MK H AZEMMTH L LTERK 0(A) 26T, wadl

0—=-0(A)=E—=E/O0(A)—=0
ZHV, ¢o(E) % Chern FHDERIC L 723> TEHET 3 &,
0> (&) = c1(O(A)) 1 (EJO(A)) + c2(E/O(A)) = —A?

TH205, A2>0,22 AH >00Bo61%, Thbb, AIZFQRERTELTbig TH2E (EDE
Bom 2 REL LT L, dim HY(S,O(mD)) & m? LRUHAEZ b)) . Ko LARBEERK
FTH Z2&>TH, AH' >07THY, O(A) 3 € DR H AEENTBIETHS. 2FH £ Dix
R H ALZECEDTE L, RO H 2L TR H AEEHRAETHY, H 2T A —=F%D
\7T#EhD> L T Harder-Narasimhan filtration (& F o7z < 2k L 7\, (%L 3 DL Bogomolov
ANEELERT PVEKRTIEZID L) %2 2 E3—MRICHEI¥ Y, H 2859 & Harder-Narashimhan
filtration (LT 256035 %) .

det & AT LHHBHTR WV E ZILH LOBRIIBZ IR TE S, 2084, BHER OLA)CE
DFEIEL, A—(1/2)det& d big s Q AFTHS. 2L CIOEMRRE, TEOBERT H I
DWTE DR H ALENIIETH 2. T OFEELERETHIAT 2 De Franchis DEM (EH
4.1) oRDFERMEON S,

EHE 3.1 (Bogomolov [Reid 77]). S 23/ (Kg FFIETAbLER7) £95L, QL &
Bogomolov ANZETIZ7%\, DFE D 4ey(S) 2 K3.

AERH. Bogomolov AZ&ER 51, QO IZEME O(A) 2&#, 2A = Kg+ (big ZHAT) ZDTA
b big KT TH 5. T De Franchis DEEICIKT 5,

B2 DR7 FVIRIZHS %5 Bogomolov ANEZ % M DR R ORI I L 72 1% Mumford
& Reider TH 5,

EHE 3.2 (Mumford DHIEER [Reid 77]). #hfl S L% 7 2HF D »° D? > 0 %l
HY(S,0(-D)) = 0.

AR, R0 —- 0 = E - 0(D) - 0%2FZ5, c1(§)=D, c2(6) =0 %D T, & ¥ Bogomolov
ANEXZ AT, BRI LENHTE O(A) C € 2&L. O(A) C O(D) THEh 5, @4k ER
KT EZ2Eo5T, A=D-EDETHL, Lzd3>TAD=ID? tBLE, AS1THY, —FF
A = (1/2)D+( big divisor) DT, A>1/2F5615, —J70=c2(€) > A(D-A) = AD?—A?
TH5H, Hodge EEHNS —A2 > D2 #26, A1 -AN2 <0 Thbb A =12
BFotns. L2 b Hodge HBMEHTESVHILL TWVWEDT, A lZ D EHENICHETH
D, HHRT E RO THATNERS R, fR A =D &4, RREAWATHS. Thdbb
Ext'(O(D),0) = H(S,0(-D)) =0 & o7, GEHT)

Mumford DHBGEHDFERIE, WEMA (orbifold) D/NEEE D 5845 [ -Viehweg
DHBEMDFHOGEICTEY, ZNHHFOEIEEIIMLE CLES, LoLiads, ZOEH
DI 758G 1E, D? > 0 OFRFEEZELTEBIIE, DR 7 THLEVLIFHEERZIETLCH
HHrWMEEHT 2. Thbb



EE 3.3 ([Reider 88]). B S EDOEF D # D? >0, HY(S,0(-D)) #0 A7 LRET 5.
COEEHEMAT C>0BHFELT, (D-C)C<O0.

SEEA. JEEBIRIER 0 = O — £ — O(D) — 0 DERAALENEE O(A)=0(D - C) LBITIE
L, GEAT)

% 3.4 ([Reider 88]). HiE S EOX 7T L %<& 5.

(1) L2 25 T |Ks+ L| %l 2 b TE, » 28UHYIRT C ¥H->T, LC & C? DfflA
HHEIE (0,-1) HBVIZ (1,0) DTN TH 5.

(2) L2 2 10 T |KS+L| D3 % %_)fltﬁl/)ﬁi‘, 25 x1,T2 %ﬁ%ﬁt&‘ﬂkﬂi%j_% L, xX1,T2 b
bICEUERET C 5355, LC, C2 Dflatbilz, (0,-2),(0,-1), (1, —1),(1,0),(2,0)
DOTNHPTH 5,

BREE. 2 H B\ F zp,20 TS % blowup L, HERZ O OEFEOWEZ H' OIFAMEICEIL T
EW 33 REATIUZ LG, LRI (1) DBAE u: S — S % z TO blowup, E %GIS IR
ELTC, D=pL-2FE L LTEM 33 2@HT 5.

o Reider OFEHEIF, T HMAKRTHZICb b6 T, HiE LofER0ESERER
DWW FRMEER, HOAAERICE L TR A TRBOBELE L, &2 X7 — VLVl Lo
HERTF O 2 EUT2H 3ES207T, 3H X AOHOIAARZLEZ 22 L3005,

4. De Franchis OFEE & EICH T 2 EM-Yau ~E

X % d RUGHBEHERESHEL T2, X ORBER Q=0L B4TLY H ZETREL
(722213 X PHBOBERBTHL EZREIZNULTLIV) . LELEXS, QI DICKELREY
EBratrZ iz Ty, #BETHRE, BIRICARETIED D 272\, EEROEENHILT 5.

I 4.1 (de Franchis). X ZIFREIHELIRERL T 2. r MDA DE O 1ICE TN HERR
OD) 2 E3E, EEOEEH m 22T, HYX, (det F)®™) i r + 2 HOREAIIRL 2270
ZEGILIETELRL, BuEZ R, (X, D)<r (ZITEHKE LITHNLTk(X,D) IF8E
ko TERE NS D XILT, dimH -0 (X,0(mD)) DMBEMEREL2RTEETH2) . FIC
FCQL 2% r DB ETHUL, k(X,detF)<r TH5.

MR () EFTm=10LERETEILEV), O(D) =det FO™ LBV L E, HY(X,0(mD))
23 s+ 1 OB ez & &0 ) &hiE, FTEEEIER | D] WEERT 2HHEGRDOE DX
T s UETHaILLRALTHS., X 2ZD0Y7% blow up TE E»24UF |D| OHEHERS
M| 3EEE bR\, E50C (M| D s+ 1 HO—WDTT L; 1SHh->T m BICHIES 2 IR Rk
Kummer B Y 2 LU, Y E M OB ZRLEH2ERAT M O m fEL%-oTED, M| &
L; DEIZERL D 1/m FICIET % s+ 1 HOMZ2EIW %2 >, 2 LT M 1Z QY OFIEREL
COL IZEENBDT, (X,D) % (Y, M) KEEHZ 2812k >T, EHIE m =1 ORIFSE
L7z,

2 BT m=1&7F%, OD)cC Q% 2 r+ 2 @ORBINIRL 22 KIBYIWT 00,...0r 1 2 &
AMEERELTHFEZEL, KEDPS, —MBOM ¢ OWEFHFTEULREER (21, ,24) ZEDT,
01 =2100,...,0m41 = 2Zrp100 LB 5. op FRBIRER r BT, dBHTHS. Lidio



T OZdO'k:de/\O'(),](721,...,7’4-1753\}7_‘2_\_2‘34%, Lo L 'f’j\’%ﬁﬁ%ﬂdo %f le,...,dZn 7"03
o THEZTHIE, ZIUIAARTHS I LT b, GEHT)

FORFHEZ RS L, FC QY 2 k(det F) = r = rank F &7z LU, r RInSEE~D
HHER . X Y 2PH->7C, FRERAENCZ QL 0 fItk25ERLICE>TWS (Thb
LEX O—BOMITEVTE F=f*Qy PRIZLTWVDS) bbb b,

De Franchis D&M % 2 XIGOHEIHEA L <A, B/NE S ORER Q = QL OfE
MARIIIEF IR E 2z b 2 b5, 2 2 TIRFBRERE S 238\ (minimal) TH %
Lix, BERT K=Ks %7 Tbs EBEOWH CCSIKNHLTCK=20) 2&%259. &
B 72 BT RS KU, BN O/NER TG 0 BLETH D (Enriques), #IS/NERTGAS 0 BAE
D IR BN 2 AN ENC B BRE] O blow up ZfEL 72b DTH % (Castelnuovo).

%R 4.2, Sz MEIEE L, f:V =S 20BWEL TS, Oy(D) C f*Qf ZEMRLT S
L, Df*Ks <0 THah, D2<0DHIT 2,

SERA. D2 >0 ThHHUL, k(D) =2 F£71k k(—D) =2 TH 3. De Franchis & W HFZIFE D
ABVDT, k(—=D)=2ThHY, Ks BR7ED»6 —Df*Kg 20 DD 2>, GEHT)

% 4.3, 42 LEUREDS & T,
(1) Df*Kg<0ThHsd, Df*Kg < c2(5) ThH 5.

(2) e2(S) 2 0.

AEER. MMMl o701 O 2 Q LEL,

(1) O(D) C f*Q, Df*Ks >0 EARET 5. #UICHEMET A2 L2, OD+A)C f*Q I
fAESECTH S, HERS D% D+ A TEEHRZT, A=0RELTLY, ZOLEV D
ORTTEHEHD A X —L DA FTIVE T Z#YIcE 5L, Q/OD)=I(f*(Kx — D)) DTH 5.
T5E, FYUVEOEED»PS,

(f*Q) = a(OD)e(I(f*(Kx — D)) + e2(Z(f*(Kx — D))
= Df*(Kx — D) + cs(T) 2 Df*(Kx — D)

Ths, TITH42 THRONAEAREXD?2 L0 2HVIURE, DfFfEKx < fe(Q) BE61 5.

(2) c2(Q) <0 Z%BIE, V—or- -ByrZHVEE, x(S,Sym™Q) = (1/6)(K% — c2(Q))m> +
O(m?)=0(m3) Thb. /- Q* =Ts ~ Q(—Kg) 2EET % &, Serre WA & b dim H?(S,Sym™Q) =
dim H°(S, (Sym™Q)(—(m—1)Kgs)) < H°(S,Sym™Q) TH %55, dim H(S, Sym™Q) = O(m?)
TH5, Lied>T, BELKET H z—2EEL m 2+ KEL LB L, dim HO(S, Sym™Q(—H)) #

0 CTH2, THEWELQEWE -V - S LV ORT D= (1/m)f*HHBEELT, OD)C f*Q
THoT, LS D Kx >0> [fco(Q) BT 2 L2z, (1) KFETS. GEHT)

ZOFD S ROEM-Yau REXHE SN,
T 4.4 [Miyaoka 77][Yau 77]. H/MRBUHE S 13 LT 2(S) < 3¢a(S) HIRILT 5.

SRR, a(S) = ca(Q) 2 0 EH 5, 3(S) = K2 =0%5A%RIMZL T3, K2 >0 LKE
L, a=c(S)/K: £BL. a2 1/2 B6@EIIHIZL TwEH056, a<l/2 ERETS. ZDL



ETHREL m ITHLT

dim H2(S, (Sym™IQ)(—maKx)) = dim H2%(S,(Sym™Q)(—m(1l — a)Kx) + Kx)
< HO(S, (Sym™Q) (-maKx))

THBH, F43 (1) #HVEE, AilE O(m?) TH5., LidisT
O(mz) 2 x(S, (Sym™®)(—maKx)) = (1/6)(1 — a)(1 — SQ)K?g - O(mz)
DRILT B, LEB>Taz1/3TH5, (REHAT)

P EDEEIE [Miyaoka 77] 12 & 5. FIEWH»OMEHTH D, FRBBEREIMN EIHET
DFEDORETH B, e, FoAL@EREHAVE I LICX YRS,

% 4.5. S 2IEREEENAIEE L, FC Q) 2BB 2O FVRET S, o(F) %7
?‘tﬁ gbi\, 01(.7:)2 é 362(‘/7).

i LT, —ROEEY Q BT (F¥% Q WTofRe L2 Q WT) D 3iHE—o
Zariski 2M# (Zariski decomposition) D =P+ N Z#%2, ZIT

(1) Pi27% QAT

(2) N=>Ya;E;, a; >0€Q 3ExZ Q WT

(3) PN=0

(4) E; BED ZNWTHI (EE;) 13EEE
Zariski %\ 2% ERHFHTE 5.

% 4.6. 4.5 LABORET, co(F) BEEM 2512, ci(F)=P+ N % Zariski 7 & L T,

N2
Cl(]:)Q é 302(.7:) -+ T § 302(./r>

A F = F(—N/2) 1% 4.5 Z@ATUE kv, GEHT)

B -Yau AERD [Yau 77) 12 & 23, ECHHALL D LIEE o BA-HERICE-
T3, FEHEICKED D i & B R SEELEE T, BERE LMk w—T, PEADPESL
o 1A OBHANT (BERkoa v 8 s PREZER) 25258 TT TR,

EB 3.1 THIL I 4ey(S) 2 K2 2072270 T, K2>00%a, $hbb—RAHHDS
HEEZINETDTH S, Kg BDEBETHIUL (EIX [Yau 77 TlE K PEETRVWGS, 40
B S A% (—=2) Wi (KE = F? = -2 2 AR ) 2805 RAFAZAHL Tweiw,
Z DB DG BARIEER 13 /MAZE— [Kobayashi 85b] 12X %), S @ Ricci it &I % Monge-
Ampere HfER %M 2 £12X > T S 12 Kihler Einstein 5tE2HK T2 2 L23TE % ([Aubin
76][Yau 78] 12 X % Calabi TR DMEHR). Kahler-Einstein B0  Chern B3 3¢y(5) — 3(5) 13
FEEDWSTERDRTH Y ([Chen-Ogiue 75]), 3c2(S) —c2(S) =0 £%2 2L, ThbbLFIEA
DR TRTHA B 2 LiF, S VWEOEMERER, T4hbbzoHEfHEERSTLI —T
WFRAEIRC 5 2 2 RITHAZBEEER B = {(,v); |z|? + |y|? < 1} = SU(2,1)/S(U(2) x U(1)) TH
2L LFAETH S,



B -Yau AERO—D ORI, BRLREOMHEE T 2H0TH 2. LE2XH2HE
DA RTLRLHRBICA D IHEREEN B TR TR I EErN S, a8y MESEE S #
A RTUREIRIE L AT L, o(9) 1F Euler # e(S) TH 5. FBEBEMIZLY, H?(S,R) O
7y TR AR5 sign(S) = by — b 13 (1/3)(c3(S) — 2¢2(9)) L,

—7 a8y MERIMAOSEERIC LUE, INERITOYE O RBS R SRR & FRE %
77 ADATH B, FIABHEICET T E R WVERSREDOMEEE R VREI NS, L
Do CEH 44 ZROWICESHLZ L ENTES,

T 4.7 (FHMER -Yau £%R) . 2> 87 b RERME S 23P L@ 2 M bt o
ERICNEHAMETIE RV ERKET 5. 2D L X Euler 1 e(S) & 5% sign(S) 13 A%

e(S) = 3sign(S)

T RATT,

5. FHE, A—E7x+—)L NHE EDOEM-Yau 75X

‘F - Yau AEX DA TH > 72 De Franchis DEBICEB T, NEWNE > =DIE, RS2 IE
Az dBiTH 5 2 &, BB CEIMATEREZ5 ERT & L EABSERIC Lk
52 ETHote. TD2O0OMWEIL, WHEWRERZ b OWATERITOWTH £ o7z AL
§ % [Deligne 71]. L7c8> CHIfli & E o7 (A UREZBEVIET I LT k> TRAGEHAZI NS,

T 5.1 [Sakai 80][Miyaoka 84][Kobayashi 85a]) . S % FERr BRI, D % EHZER T,
ECOL(logD) ZHEB2DNI FVRET 2. detE 3277513 (HBWVIEH - & —BICEAER
%513),

c1(€) £ 3ex(€)

DIRALT %

QogD) D ¢y 13 e(X\ D) £FELL, 2(QUogD)) & 2(X) —2x(Op)+ KxD EF LW, L
e3> TEM 5.1 % Qlog D) ICEAT 2 L X%215 5.

% 5.2, /NG IERE REHEARBUNE S FOIRRRELIE C ofE g LT3 &,
CKx <49 —4+3cy(S) — K32.

Thbb C DEERE CKx 3 X & g ZUoBEKTE»o 200, ¢ 2EETHIE X |k
B g 2 b OIER R E R E 27

C WRERZF OB IO BRI T 2085 521%, Green-Griffiths-Lang 12 & 2 4T E
HEHEL, Sho TEHEPOHELMETSH 5. HOWARRRIC OV TIE [Lu-Miyaoka 95][Miyaoka
08] %z £z I N,

TR R 2 FR RS 2 b o, X ) —REVISERREPUERICEERZ 52 2L L TE S,

T d RILIEBEHER (smooth orbifold) & 13H (X, {U:}, {U:}, {Gi}, {ps}) TUT 2 AT
bDE:),

(1) X 13IER e b 22



2) {U} 13 X opigE

(3) U; & C* Dpi%EA

(4) G; 1& U; I properly discontinuously (ZfEf % %t
(5) @i: Ui/Gi — U; FAM

OB (X, (Ui}, {U:}, {Gi} {oi}) 26 (Y, {Ui}, {Vi}, {H:}, {:}) HOE L, 5 X Y, U; =
Vi, Uy — V; BXOBERR ¢, — H;, Th-oT, BHEMICBIL THZ (equivalent) 127> T
2HD% V. FEPEKLEOBLAKCALZBOEET) L LTEREIN, £ Chern Hid
H*(X,Q) ®jtE LTHET 5. PIARHEHRORER O &1, BRE G (FAMED Qp @
ZETh B, v

WSRO B 2 A BREEIC X AERRSATH 2. THIERREL X OFDIERKZAZDHT D
ZRFIC 2, 2, =0 TELZLE, BATNIC X\ D = (C*)* xC¥* = (C/Z)* xC¢* &
Bz2IE. X\ D BEHTH 5. FRHEMIESREORTOSRD D; (ICaBREE O Q
T S(mi/ni)D; &, SRS T g OFEE SO (FFTHY) Kummer D EEEZEZ Dk
kD, BEREOBEURBINT L WA T I ERTE S,

BR-Yau AEXOFTHIF, 2RIEENLTERCb 20 BT 5. i S BEIREE G,
X BRSSP, = C2/G; & b ORI TH 2 55101, S DEHD Buler % ¢(5) &
 LHERE LT Euler # e(Som) = c2(Q5,,,) 13

1
()= 3 (1 @)
TH 3. Lo THBEOSERICHNT 25/ -Yau AEXIIRDIFICK S,

EIE 5.2 (FFF RS2 bW IC T 2 B M-Yau A% [Miyaoka 84][Kobayashi 85b]) . S (37
BrH C?/G; 2 b0 IERST MR L L, Q BT Ky BBARITHL T2 L,

K3 <3e(5) -3 <1 - |_G1_|>
R i

P, ST RTCHEE 2EMT |Gy =2 0L E2EAINL, BERAOMELE m, S % S O/

FfREET 2L, e(S)=e(S)—m T, L7&d>T

(3c2((S) - K3)

<
m S E

— Nel )

#1585, ZOARERDS PP AO d XKl (d = 4) 257 9 28 2 BEROMEE m &

4
m < §d(d —1)?

% H72F [Miyaoka 84]. Z DFHiilZ d 735 2 TRENM EREWHARK, Mo Te2REFHIiTH
2. —flr LCARMANICAERZEH L THas e, ME 2 BEROEEIIRAK 16 i & v ) dEE
TAERPES NS,

T P? LICEEEZEBLZEE, N5 DERICIH> TS 5 Kummer #78 & Z OHEITH
FRRSMENY S (HRR2AL»RboRwEIAIFAEGH2ERTHY, ARKHEEIC K 25



RERLOTREAZBHELZV) 2L o, Ei-Yau A%4XA2WHT 2 &, EREBOEEE
5 D FORRAOMEBUCET 25HIiNB o NS, T4hbb, n ADER» S 2 5EICHENS k&
HOMEBE t, LBE, DUEHEO/NERTT 0 M LR R T 2580 LCt, =th_1 =tho=0
EIRET B L, FER
to+ Sty >+ > (k- )t
4 k=5
23K D 32> [Hirzebruch 83).

SN OEMROREICBET 2R 20T, 0k ) ZiHEIZHEEMOAII L RINTD
PEETERVWEIICRZ 22, FRIAHETH 2. EE, EFEROMEICEWTE, Ligdx
7ok ) REHEIIIR L THREL R\, 7 E ZEERE F, FEBINZERTTH S % 2 ERALE
&, TRTORBERED ¢+1 BHTH 3,

6. BEfM-Yau F&ERXDERITIL

B — Yau A% £ @RIl 2013727280 Tid e\, 0 EDDH AL, [Aubin 76][Yau
78] 12 £ 3 Calabi PO L35 DTH S,

EHE 6.1 [Yau 77). FERFR d RIUEHE S X OFEMER Ky VB EZ% 513,
2(d+1)ea(X)KE2 2 dK S

VLT 5. ZORERTHESMPBITHI L, X 28 d XThiBkD 2> 08 7 FRgZEMIck >
W5 ZLIZFAETH B.

IITKE, Kx PBETHZEVIREL EBIT, c(X) =c(Q)) ® S(Q) = K% % K2
TH> TR I EBRENTH S, Kx DEETIER»o1), —OBERTDH H,---Hy_»
TH->75E3D LENESTET, ZOHEIROEEIHRLT .

I 6.2 [Miyaoka 87b]. 1E#l7 d RILOHELERIE X 220 T, FESOAKITIZ 3 E, #
DIFHERF1E Q Cartier THOR 7 TH 2 ERET S, Hy,...,Hy o, 2EELRRT L L X,

Bea(Qx)Hy -+ Hap > K% Hy -+~ Hy s

3 RILD Riemann-Roch EFICZ DEMZHWEHT 2 &, XBELN S,

% 6.3, JERFR L 3AXTTHESRE X OEERT R 7 % 6138 Wl tudIER 2N 3 X0t
LR 51F, (X,0) £ 0 THh3. R dimH*(X,0) = dimHO(X,0(Kx)) > 0 713
dim H'(X,0) = dim HY(X,Q4) > 0 LT3, ZDZ 5 X O/NERICIZOMU ETH 3.

X(X,0x) £ 0 RO FFEHINTVEDT, x(X,0x) > 0 ERET 2 (M 3 RIGLHEE
X PAREOWRAKFRERZR>TVLAEAIE x(X,0x) >0 £4232EbH0E2) . Lol
Riemann-Roch Z >3 &

(m—1)m(2m — 1) m+1

X(X,O((m + 1K) = I K+ B Ko (X) + (X, 0)

DT, BH6212E>T, m21, x(X,0)>0%61F, x(X,0(m+1)Kx))>0ThH3, C
DAERDPS P (X) = dim HO(X,O0((m + 1)Kx)) > 0 721 dim H*(X,0((m + 1)Kx)) =




dim HY(X,0(—mKx)) > 0 DSHALT 5. Prpy1(X) > 013 X O/NFRILH0 L EZERT 5. #
EDHALT 55413, S &% X O@ETHEYIE & L TRERS

HY(X,0(=8 —mKx)) = H'(X,0(-mKx)) — H'(S,0(—mKx)

%% 2 /NFISIRER & Mumford HIRER (EH 3.2) 2B UL, REOEELZRT S 122
WT K28 =0 %285, 2%bh K% =0€ HY(X,Q) TH2. L»b m 2l 2m 75
E, JEHHARIER 0 - O(—nKx) = & = O(nKx) = 0 BFET 52 LT 5. c1(E) =0,
()= -n?K% =0Th2s. £8SHETHRITNE, € ZXHIEMKR OnKx —F) 2&#, E
FERHRT, 0< (nKx —E)S? <nKxS? BT 5, COZEns Kx & EH H*(X,Q) ©
HT—RIEBTH B bbb, Kx OfELZUINZEZ LD, REIC E DS RELGENE-
72%8, T 2T [Donaldson 87] DfER%ZBWHL, £ 1 m(X) OB =% ) £H» L EE 5 M
WTho Il LICERTSE, X ORBADEHBEOMBIINEEL 2R IZ (X)) 20 TH
22 EDEATE 3, AOEHEOERS X, - X 355 &£ ZlE, x(X,,0) =00 4B LD
5, f5R 3 RITHNERED/INFERIEDS OB ETH % Z L2 E 115 [Miyaoka 88a), & 51T <
HbLLLboRNBE, IRLTRTAVTVATE (BNSREEOEERTF Ky 1o LY 72 B
Bom &2 EBEOMKx) BRKBUWCERZNG) DIDIZ> T35 2 EAFEHAI NS [Miyaoka
88b][Kawamata 92].

Kollér- #RI1C X BN EF N OFEEEHEE, ETHHEL TNV YV AFROMBRICE D 3K
DIE TR D APHZTERL LTz, F 1 BOE/INE TV ORISR E RESBH -7 2 L3 & (Al
LENTWVWS, LoLEERES ARTGUED 7 AV AFRICEL T, BRETIRIZEAL
Fo K FDRD DM, —EENCEI L CIERIER C, Kx BRI trivial D5 b HERN S
LV, PRI EERINER T 1 206 dim X — 1 DEBATH S, |mKx| BZETRIUE, 2FD
Kx DE%17% Q AFA S, ZORFICERTE I LICL->T, RIGICKBMENEZ 5. %7
22T R Z b OSRRRIC O LT ORBIINERITA 6 1F, 2 OBRRFICHEH L RIS
EOHEATE 5.

B 6.2 DFEH TR S RE 2RI, R = TR S N s RO EH
TH5,

7T 6.4 (Generic semipositivity theorem [Miyaoka 87a]). d RILHFFEFHFLIRMA X HIHFRER
TRV (X %28 ) AR OBRIIFEL &) &{Ec?'ﬁ“%. vecH = (Hy,...,Hy 1) %% &

Rl e L, Tk ORA H ALENHIEE & LTI, p H(gy) < 0. SHZIUT Hy, ... Hy o

@ high multiples 7> 536123 W D5ELLAMBICHIRT 2 &, Tx FHE, Q) FFIETDH 2.

4@ ¥ T % generic semipositivity theorem % IFAEE % b ISR THEIRM SN TR, E
BIHSEIRT 2 & 221, Q% 3 H AZLETH L5 LNy, ZORRELFIZIEKRE S
BHEVn)IETHS.

SEHE 6.2 13, QL ICAT 2 Harder-Narasimhan 7 4V b L— av2EZ, ZOEHEIIN /81
IZ Bogomolov A&ERZEM L THo6NS (X )IEHEICSE 21, rank & = 1,2 DHARK, ThE
1 De Francchis O EH B &k i 128§ 2 & il-Yau AEXSLHEICK D) .

COfITHHEL A 3RITLT ANV YV ATFHOMHEZIRDIES &, EEHOHER (generic semi-
positivity theorem) & B BADKER (Yang-Mills #a1C & % Donaldson DOEH) W5 3AHK)
ICHWENTWSE Z EDbhr 5



7. Higgs B & Higgs RICX T % Simpson DIER

X z2IFRRERIE, Ox #HJE (tangent sheaf) £ 95, X Lo Higgs B (Higgs sheaf) &
i Ox DERT S Ox LOMTHT >V VB SymOx ORI & OHEEIE £ %15 [Miyaoka 09].
BDBT 2 TIUSH (E,0) TH-T, ¢ I Ox ¥FAE 6x — End(E) TH-oT, A%
0(&)en) = em)e(€), &n € Ox 2R T 52 HDTH 5 [Simpson 92]. ¢ % Higgs ¥ (Higgs
field) &9, Ox MM#EE L CRATH A% Higes 813 Higgs R (Higgs bundle) & bMEIIN 3.
Higgs JE D87 Higgs J& (Higgs subsheaf) & 1%, &4 SymOx M#, 2% b Higgs BTN 2
X9 %Ey Ox IMBETH %, Higes J& £ @ Higes H 8 F hH g, ZDEEFML (saturation)
F' =Ker(€ — (£/F)/(torsion) b Higgs H/ETH 5. Higgs BOMDHERTE & 1k, Sym Ox M
MEREZ V9.

Bl (0) EEDEEE £ 1T LT, (£,0) IFEHH% Higgs 5% b Higes BEEZ 5 LN TE
5. L7eh>T Higgs BOA T3 —I13EEREOA T —2&A TV S,

(1) w Z1EAIZ: 1 3B, € Z{ERE D torsion free HEE & LT, ¢: Ox — End(E) ZWHTE
RERT PG LEDOBOBARLETY 7 () VT ¢(0) = (w,0)id EEZETIUL, ¢ 1F Higgs
BTHE, TDEI) R o AN T—HEW), AAhT—BDOEE, Higgs D8 LEED Ox i
TEIFECFELTHD, Higes BE L TOMEIXM SH L WEHRZ T IA 2200,

(2) WHREREL Sym Ox %2 Sym" 1 Ox BERT 24 F 7N TE - - EEBRE

E"(X) = Sym O /(Sym" 'O x)

FBEARIC Sym Ox MFEFTH Y, L72H>T Higgs . HTH 5. ET(X) D Higgs H0E & 1FEHER
BEICBT 24 77V TH B,

(3) (BEEZH) f:V - X 2EHIER, €% X EoO Higgs BE T2 &, BRLRERE 0y —
[fOx 12k, fFEIXBERICY £ Higgs L %2, FRICIFRFEZL IS EEE~DHIRE S Higgs
JEgchs.

(4) OB, 7 v VL&) Higgs B0SGZ 604U, 20X, 7V b BRREEICLD
Higgs BTH 5. BMEINIIE (&, ), (F, ) ICRLT,

e()(e1®ez) = p1()(e1) ®e2 +e1 ®@pa(-)(e2), (")), f) = =" %()(f))
EBTFIE I, BRI Sym*F ® A" F b EAIC Higgs BoE: b0,

Higgs itV — 2 Y EDOFHAR T P VRO EY 27 4 ZFHR 2 72012 [Hitfchin 87] 23EA L
7o (V—=vEETRAREESFIZEESNICH - SIND) . ThbbEA 6N 7 FILEOER
Vo Z#—DMET 2 &, EEOER V 2EA5kLE, V-V, FHggs BT, ERILO
Bt TSR T b b AES MR B L 22 BT [Simpson 92] 12X 5.

Y - X Z2IEHIER, £€ 2 X LD Higes B 75 L, BALRERE 0y — ffOx 12L& D,
[FEFHARIZY EoD Higgs JE &7 2. FRICIERFRLBDZRE~DOHIRD Higes BTH 2.

L& (BERTON) H = (Hy,...,Hsr) 252 d RuIEERHF LA X Lo (0x
JNEEE L T) torsion free 7 Higgs 8 £ 2% H ¥ & E & 13, FEOIEEWLES Hiigs & F 1o
LCpf(F) S pfl(&) BT T B2 L2V, 2AEENBTEONERC L 25413 H 2F
ThHbHENS,

Bl E=0aeF £EE, Higes filed p % ¢(€)(a,w) = ((,w) €0 CE LEET S, L ()
BHRGRXTY v 7 THD,. ZDEE (Sym?20x) D £ ~DIEAIZ0OTH D, £ DO ThWEHME



5y Higgs BT 0 241, Ky HEBET, 0L » H PRERSIE, €13 H LT Higgs T
B2, bLAARY PVEKELTIE HAREET, 20K H ARENEDEZ QY TH2.

Simpson & Higgs WIZx LT Yang-Mills #ia% B L, Z7E 7% Higgs Wi Yang-Mills &
(FAREHE) 23> & 23 L 7 [Simpson 88][Simpson 92]. I DFERIFLEL T b ILVRD
Einstein-Hermitian 3F8% - & \» 9 Donaldson-Uhlenbeck-Yau OEH (/MA-Hitchin MIE) @D
Higgs i CdH 5. 4 2 i T/Mk-Hitchin WJ52% Bogomolov ANEXZE 2 & 215 L 7225, Higes
HOFAFE S FERICKD Bogomolov A% % < [Simpson 88][Simplson 92].

FIE 7.1 (Higgs RICX 9 % Bogomolov A%, Bogomolov-Smpson %), & D3 r O H
L2 Higgs Wiz 61, AEK

2rcy(E)HI™2 2 (r — 1)c2(E)H2
DT 5.

) [Simpson 88]. S % —MAMRNHTE & 5. £ =060 IFHARIC Higgs RTHY, @EHIC H =
BRI HZETHS (De Franchis £ 0. Qg 138473 H 25 L HELETHH»6, LD
Bz kb €13 HEE). 72 () = ca(S), c1(E) = Ks TH %75 _EFLD Bogomolov-Simpson
FERIFEE-Yau FER 3c0(8) 2 KZ ICE0 674\, $/ X &2 d RIUHFLRIEE L, Kx
DEETHLERETSE, O & Kx FEETHY [Tsuji], FI £ =06 0% 1 Higgs ZE
THb. DA Bogomolov-Simpson AEFEHIF Yau FEH

2dey(X)KE 2> (d—1)K%

#5227, 9%, Bf-Yau AER Yau A% X3 Higgs it Bogomolov AEXDFHI 2556 &
EZBHIEDNTES,

Higgs % ¢ 73ES (nilpotent) TH 2 & 1%, WUBIEDEE m 2L DL 3477V (Sym™Ox) C
Sym Oy % 0 € End(E) ICET I L%\, FEFE% Higgs W b Higgs 2% Higgs B
5. E7(X) =Sym Ox/(Sym"™O0x)) 2 Ox & - ®Sym"Ox PZOIH Ox ©--- @ Sym* QY
\L B 7 B3R Higes B TH 5. B Higes B £ 113 2B O BAR AL filtration 2SA 5. T4b5
Sym*Ox MWET BENIEAEE T 2K filtration &, (Sym*Ox)E DEEFMLE L TERI N
2 TEIEET 2 filtration TH 3. T 6 DO filtration [FAIZIHFITR > T 5,

FECI\ Higgs BOMAIFIX, 0 ThWVAA T —H%2bD Higgs THZ. Lo Lado,
Higes 85 ¢ # A A7 — 8 wid &> T ¢ = p—wid LEEL TH, Higgs BOMEICIIHE DY
sz, 7k 213 ¢ TH7- Higgs #9813 o THRTH Hlggs HAETH S, ZOEKRT, A
B 5 —BRARENICIIEETE 2y L E Lo NS (B LI Higes 52 A0 7 -5 TEILE
T 2RI, WBENICIZS — OB ICIG T %) |

—fE D Higgs BHIFEETH A AT —HTH R VDS, X %Yy BE Tl &2 UIARER
ICIXEEEE Higes B AH T —BOME LTEENSE, AN T —BILLBIEERREN TR EHE
Z4UZ, Higgs BREBETHELEEATH (K TLOHE) ILO2PZARVENR) ZLETHS.

T 7,2 (A2 bLAfE [Hitchin-Murray 88]) . (€,¢) 2 X LD Higgs Bed5&, N7 |
VR Qx Oothd X FAREZEHAX—L S DEEL, Z0TXTOMNET OB 2 & TR
Bz b O EARESH £V - X 23U, ¥V EOFEA 1R w,. .. ,w, (o DEIA 1
W) & F=fEDEMIREF & @ Fp (A7 F LR spectral decomposition) 23FE L



T, ffolp —wi®id 1& F; DEE Higegs 5 ThH 5. TabbLEEEHE 2 h 7 —HIck 2EER
i E 9 &, Higgs RITHEF Higes BOEMICK S, ¥ % € DARY ML - AF— L (spectral
scheme) (X DSEHARD & ZIZ AR N ILBRER spectral curve) &>,

AR, R R ST o, = (0, #EZ DL, INbIF oF OFEHE LTHWICAHTH 5.
L7223 Tl LTk, 2oz RE=MhTcE s, EHIZZOEHEHDOEVWIZICTE R
Vo (FERAT)

ER. AR POV O B LR M (EH RIS T 2 [Kricever 77] OHERICHEIED S 5 .

EDH ELRERSIE, LD F b fHEEETHH, AU MASBOFKENMHEF TR
TRAL ffH Z2n—7%%>, £z L TBRE LI fro 2 AN T —HBTEE L - EE Higes 5
fro—wi(id) ITHEZ TH f*H HREWE o FIE o7 CHERZ T v, DX 9L, Higgs
[BOWFi, @Y LREEEWZToTBINE, 8% Higes BOMRICRET S, LE>TRD
fiClx EANIZ Higgs BIF TR TEZETH S LIRET 5.

8. & TF Higgs BEOREIER

HIEfi QR CHRI: X 912, PZE Higgs ROMMIZEM-Yau AEXZIILHE LT, £L DS
MA%EHD, L7di> 7T, Simpson DD HEMPGTEIZL D T4, HHAREEREZMET 2 Z
T IERDD 5. FRICPEZERICNT 5 U T OEARFER% Higes BICHEET 2 2 t B2 Z
Lo,

(1) Mehta-Ramanathan il fRE 2]
(2) T ¥V IRRIZ & 3 BREEDORE
(3) FLERIZNT 2 Bogomolov A&

COBFDMEE LTRE T2 7L 7Y Y P Tl TNE=20% TRTHIREWICEHL T3,
ZODRRD B, (3) F kISR X HIT, MM (Yang-Mills #E3%) 12 X % Simpson DFFHA
DH Y, FLREBDI3LUT &) IEFICRR A 54121E [Langer] 23REBUAVEERA (De Franchis D%
BEXOER -Yau AERZHV2) 252 T05, L2aLEDXS (1)(2) BEaRSAH L WiRE
Aoz,

BIET D% TR 72 X 9 12, KZEMZ D B 2 Higgs B2 MU0 20 7 —HTEIET 2 LI
&0, HFE Higes BIZOWTHHT UL WD T, BUFTIZTRC Higgs HIZEETH 5 LIRE
L, UTFHEB Z L ICEEHDOHB 2N 2. FElE 7L 7Y v r Rk R SR Iz,

Mehta-Ramanathan QO#IREIR . d RKILIEREBEELEE (X, H), H = (Hy,. .. JHy 1) BE
FINWE r O H L5 Higgs W oE IS LT, MORERm Z2ED Y % |mHy | D—BD
TLETIUL, Ely 1d Hy FRETH 2.

AEHTARER, FORELREHE m LD Y € jmHy_ 1| I22WT, Ely # Hy FEERSIE,
Z DA Hy NEEA Higgs M58 (E]y)o #3E O Higgs SMOBICIEAREE VI ZETH B,

B2 THMUL7R7 PVIRDBELRUCSMIER T = /mH| &0, BT % incidence
variety [ C T'x X % {([Y],z) z € Y} TEET 5. —fRD YV I L TRAAZE( Higgs &
S (Ely)o BIRES>TVREDT, ZOEZ LB LT, Tk prx*E DRl Or H5E F 5%
5. b&b LD [Mehta-Ramanathan 81] Digam (B 2Hi) 22D ) &, m 2+ KEL



WoTBHE, FIXED Ox WHE FICELEELZEMIHHATES, DFD FCEF (Elyv)
DOx BELTOHIRICR>TWVS, H L3I DIEEED Higgs A BICZ>Tw5b I L zREld
FFEADSTERE T 5.

JRERERZRAGVT, LEIOIEE F 23 Higgs SBABICE> TR WERET S5, F 2aUm/ND
Higgs 48 G = (Sym Ox)F BX V2D £ NIZB T 281 G BTES. ¢1(G) (DK% &, F
B Oy ZIhoEsarsul—HAT T2 liING, —H, Fly & &y DEMEIE
DT, Gly =Fly THY, LEd>Ter(G)—a(G)2Y =mHg 1 DT 5. c1(G) BT
BRTH-EZERZBOHETE, mE2AELLTUoREE, () B 5THRELRBIL
2750, THEGCETHoI LICFEL, RBETHIREHEIGLHS L7,

FUVILE 200 H W%5ER Higes BOT ¥ Y VRS0 H ELETH 5.

FIRERIC XU, Higgs HZEMIZ T REOEWBHETB~OFIR TREINL DT, &
ZERDSHER DB BT T v Y OVEEDS Higgs PREMEEZMREO I L 2R T,

C ZIFRFRERBMMEL, € 2 C LOEFL Higegs HE T2, Lo THEEDER r 53
HoT, £ RHEE Oc REF =Sym"(Oc ® O¢) = SymOc/(Sym"O¢c) EOMEETH 5.

FiC=C 2 TORERDERTZ SONEHEEE T 5. 7€ Ext'(Op, [7Oc) % —MRDILAK
T3 ERIETBIAK 0= f* 00 — (f*FY), — O5 — 0 BIEFICHELETH 5. LrbEAIC
HER [*0c D 05 EAZ LD 5, fFL I (B2 Higes ) TH Y, HF% Sym f*Oc M
BECH D, L7edioTZONHE (f*F), = Sym" (f*F), & f*F M#E (L 753> T Higgs )
ThHs. LEDREZHNT, f*€ D rtwist (f*&), & f*F" LOT vV IVE

(f*g)r = (f*FT)T R fFr f*E

LUTEET D, MRS, FCE RN Higgs BET 2L, (f*F)r C (fE), THHPE, £
Higgs REER 51, (f*E), b Higgs ALE, RIZRT PVHALETH S, —J7, € Higes
gl 51F, FT 3R 7 FVRE LTIEBILETH L L05, (f*€), 1 Higgs FLETH
B LHMHTE S, B T AT A—F LT BEAEER, TR 0K boTOLIIE, (F8) |
FEZDODTHS. F1MEDS (f€ @E)r = (F61), ® (J*E), bbirs, LitinT, K
DETENE S i,

88 8.1. C LD & % Higgs FZLETH 51 dDMBEANEMIE, BWYLRERE 7 ICNHLT, 7
twist (f*€); B3C EDRZ bPAVRE L TOEREICRZ I ETHS, LEdi>T, 6,6 PEbIC
Higgs *PFLETHNUL,
(ff&1®@ &), = (&), @ (f ).
HRZ PIVHEE LTELETHD, LEdIoT E @& I3 Higgs FLETH 5.
Bogomolov 7%, BE#r o & 2 H 425 Higgs @7 5,
(r—=1)E(E)Hy -+ Hgo S 2rco(E)Hy -+ Hys.

22725 Higgs J& € 1CR$ % Bogomolov A% =Z, HIFRERIC & O EZERIHSHHE S D&E&EICR
ET 2, ZOBE LY L R W47 generically finite cover f: S — S 2FZ, € #EBL
7= Higgs JE723, S 289 Wi C, IKHIR L7z &, Oc, MBFE L CREEEL 22 I L2RT.

BCHANICIZT v Y VEDOEA LU K, BHERZL 5% Higes RORB 2D, FIER
% Higgs WETIDEH L f*€ OT VI AEEEZ 20D TH 503, Mk &E> Tl EoEHE



HFE Higgs WIF—MRICIE (Higgs WELT) B TER VI EPMEICRS, 72213 S %
K2 = 3co(9) & &7 §—MAIghE (#Eko SU(2,1)/S(U(2) x U(1)) a7 higZEfchH )
LT5E, HY(S,05) =Ext'(0,05) =0 2DT, ¥ Higgs R 05 ® O DIEAM % Higgs £
FFEL R,

CDX) BERZRRT 272012, +REDE > Lefschetz pencil & 2, S %Y 7% blow
up TEEHLZ T, JERFEME P! LD Lefschetz 77 A N—Zf 7: S = C (TXRTCDT7 7A/3—
BEABE2ERLPERESZL20V) 2o T3 ERET S, C DEXMHERT D T, +49XK
v f OFFHEEZ TR TEL LI 2bD%R LS. £ IFARIC SymOg(—logn* D) M#EE (o4
9 Higgs ) THY, 7 SymOg o M (X Higgs J&) TbH %, 2L TEHREZANLE
D Higgs FZLEME & WEI Higgs FLEMIZF U T, Mehta-Ramanan EH % FV UMY Higgs
FREWEDELTHS, ZDEE Og(—logn*D) O IZIFHARIC filtration 23A-> T, WiHT %
KB E JE 1%

Os5/c @ Oc(-D)® O

Ths. ZOLE, T 17°0c(-D)o0 2 HHBIEKEE 2, —MRDOIEAIE o € Ext' (O, 7°0c(—D))
EFIGT O(—n* (Ko +D)/2))% ~E BT 3. & 612 0g/000(—n* (Ko +D)/2)%2 % bt Oh
HAHE T € Ext! (O(—1* (Ko + D)/2)%2, 05)c) #AWTERT 52 LIc k5T, Og/0®0 DR
Higgs W £,, THoTY bAKRE LCIEMICEEL b DORES 2 LD TES, F7- 2 DHFHF
YYNEREZ D T LI ko TEHENEE N Higgs 1 Y 1_, Sym Os(—log n* D) DM Higgs
B CTRENT FPIVRIZR>TOE 5D £, (7272 LA Higgs S Higgs R TIE2\) 2355
N5, EEIO, 1 D—RD7 7AN— FIZZOEFZFIRT UL, F _ED Higes R €| ® Higgs
ERTHY, F EORT PVRE L TELETH S, TITHR 1.4 % x(S,Sym"™™E,, (—mdet £,,))
I 5 2 L1 & 5T, Bogomolov AEXNBR NS, D EXHBETH 505, RO 2
BEEZLRD, WIIhT 72N 0E LD T, FXFENO 7L 7Y v ESRE N,

IR A, LOEHTIE, JEZRM S ZEMICEYER LT, (F) KE Higgs @2 X7 bR E
LT () LE% Higgs BIZEWM L7, € DYKE Higgs RTH 2 LT 2L, LiE%k Higgs Hi
Einstein-Hermite &2 >0 T, ZDFrEIR D &£ D £ D filtration ICHET 2 HARLRE N =
JEDFEZEERT 5. —77 £ X Simpson VMER L 725G EZ D, ZOZODFEDBEREH
N5 Z L FERRGHETSH 2.

IR B HICOER LD, Ky BDEELROIEEO QL 1 Ky Higes KETH Y, LizdioT
rKE S2(r + 1)ea(X)KE? THote, L L MOSERH H 2L o7k X3, Ky PEE
REL TS rK2Hy - Hy o S 2(r+1)co(X)Hy -+ Hy_y 2H LT ERES R, L LZo
&, £ DAk H REEA Higgs BHEIE, QL =£/0 OFFEHASSELED, X LoEEk
i& (foliation) ZFEET 5.

Bl S % K2 =3cy(X) RAFT AT, V 2AERIE0 M EOSREL T 5, LM %
S,V LOBELRRT LTS, X =SxV,H=L+mM £BE, m2+aREL LU, KLH?2
FIFIE 3e(X)HT2 LE L\, LEeds>T Ox ®0Ox 1 H A%5E% Higgs RTH D, ZORK H
ANLTEAG Higgs HOEWED 2B F C Ox 13HE X — S I 2HNER 6/ TH 5.

ROMREE, PRDNERTCZE b OLEEROE 7 7 4 N—2EM%, EEfhd & L&A
BT 5 ENHELZTI DDTH B,

. NSRRI X OBMER/NERIC v(X) 230 T dim X THhaRWHEOfEL &3 LIREL



7o E, EMALERG H 2EAT, Oxe QL % H AREICTELD? ZORK H ANLE
1t Higgs W EMED 2HBIE X O 7 74 N —Z20HE, BN X 2R L BES N2
&7 7 AN ORBER ED 57

SEE C. METI Higgs BOMERII TN TCEEOEREKEO AT TV —TEATELD, In
IR LB EDO A T Y —F AT S 2 LTI S BEN L, 7L 2N Higgs BD
HIZRI3EE O Higes BOMMERAMBETH > T, L7adi> TERITONEE - Yau FERAS (H
PLETH D EVHIREDTT) BILT 5.
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Towards Algebraic Theory of Higgs Bundles

Yoichi Miyaoka !

ABSTRACT: We generalize several basic results on semistable vector bundles to the case of Higgs
bundles. Namely, we establish (1) the restriction theorem to the effect that the restriction of a semistable
Higgs sheaf to a general, sufficiently ample hypersurface is again semistable; (2) the product theorem
which asserts that the tensor product of semistable Higgs bundles is semistable; and (3) the Bogomolov
inequality between Chern classes of semistable Higgs bundles. Although some of these results were

already shown by Simpson via the Yang-Mills theory, our proof is elementary and purely algebraic.

INTRODUCTION

In the present article we study Higgs sheaves on projective manifolds. The notion of Higgs
bundles was introduced by Hitchin [9] in the course of his study of the moduli of integrable
connections on Riemann surfaces, and then it was generalized by Simpson [27] to sheaves on
general manifolds.

A Higgs sheaf on a manifold (i.e., a smooth variety) X is, by definition, a coherent torsion-free
O x-module with a Sym © x-module structure or, equivalently, a pair (F, ) of coherent, torsion-
free F and a Higgs field ¢ € Home, (Ox,End(F)) that satisfies the commutativity condition
P(0)p(&) = p(§)p(0) for ,€ € Ox.

When X is projective of dimension d = 1 with a multi-polarization, i.e., a sequence of d — 1

— —
ample divisors H = (Hy, H, ..., Hy—1), we define the H-slope ,u?l(]:) of F to be the rational

number ¢1(F)H; - - Hy—1/(rank F). We say that F is Higgs ?I—semist(zble if any non-zero Higgs
subsheaf has ;[—slope greater than or equal to = (F). When d =1 and I_{> = (), F is said to be
(semi)stable instead of (-semistable.

Given a morphism f:Y — X between manifolds and a Higgs sheaf 7 on X, the pull-back
sheaf Fy = f*F/(torsion) is a Higgs sheaf on Y in a canonical way (in what follows, the
“pullback” f*F and the “restriction” F|y of a torsion-free sheaf usually mean the pullback
and the restriction modulo torsion for the sake of simplicity of notation). Indeed, there is a
natural homomorphism Sym ©z — Sym f*©x, while f*F is a Sym f*© x-module in an obvious
manner, thereby a Sym ©z-module structure being defined on f*7. In particular, restriction
of a Higgs sheaf to a smooth subvariety Z is again a Higgs sheaf on Z. With this basic fact in
mind, one of our main results is the following theorem, a Higgs analog of a famous theorem of

Mehta-Ramanathan [17] pertaining to semistable torsion free sheaves:

Theorem 0.1 (Restriction theorem). Let X be a projective manifold of dimension d > 2 with a
—

=
multi-polarization H = (Hy, ..., Hy_1) and let F be an H-semistable Higgs sheaf on X . If m is a

Ipartially supported by the JSPS Grant-in-Aid # 24540034



sufficiently large integer and Y is a general smooth member of |mHg_1]|, then the restriction F|y
~ —

of F to Y is Hy-semistable, where Hy stands for the multi-polarization (Hily,...,Hy_s|y) on

Y.

The restriction theorem reduces certain basic questions about Higgs sheaves to the case where
they are defined on curves. In this sense, Higgs bundles on curves are of special importance. For

instance, we are interested in criteria for their semistabllity. As such, we have the following

Theorem 0.2. Let F be a nilpotent Higgs bundle on a smooth projective curve C. Then F is
Higgs semistable if and only if there exist a ramified covering f: C — C and an extension class
TE Extl(Oé, f*©¢) such that the T-twist f*F. is bundle semistable.

In the statement, a nilpotent Higgs bundle is a bundle with nilpotent Higgs field, which gives
rise to a canonicall Jordan filtration of F (see Section 1C below). After replacing the base curve
by a certain ramified cover (the spectral curve attached to the Higgs bundle), a given Higgs
bundle decomposes to a direct sum of bundles equipped with structure of nilpotent bundles (see
Section 1B). A twist is a special type of Higgs deformation which preserves the Jordan filtration
and Chern classes (see Section 3).

Theorem 0.2 asserts that there is a well controlled deformation of a semistable Higgs bundle to
a bundle-semistable Higgs bundle, with Chern classes staying constant. Albeit fairly technical,
it bears serious implications. We are indeed able to show the following two basic theorems on

semistable Higgs sheaves:

—
Theorem 0.3 (Product theorem). The tensor product modulo torsion of two H-semistable Higgs
— —
sheaves is again H-semistable. In particular, given a H-semistable Higgs sheaf F, the sheaves
—

Sym™F and \™ F modulo torsion are H-semistable.

Theorem 0.4 (Bogomolov inequality). Let (X, .?{) be a multi-polarized projective manifold of
dimension n = 2. If a Higgs sheaf F on X 1is I_}-semisﬁble of rank r 2 2, then we have the
inequality

2rco(F)Hy -+ Hgo = (r — 1) &E(F)Hy -+ Hy_s.

This generalization of a result of Bogomolov [2] (see also Gieseker [6] and Miyaoka [21] for
alternative simpler proofs) was first shown by Simpson [26], who established a Higgs version
of the Kobayashi-Hitchin correspondence (Donaldson [4][5] and Uhlenbeck-Yau [29]) between
stable vector bundles and Einstein bundles. Although differential geometric methods provide us
richer information (particularly in the extremal case), our proof is instead shorter and far more

elementary.

The present paper is organized as follows:

Section 1 is devoted to preliminaries. In Subsection A, basic notions such as maximally desta-
bilizing subsheves and slope filtrations are explained. We introduce weak multi-polarizations
because we often need to treat pullbacks via generically finite coverings, rather than finite cov-

erings. Elementary theory of Higgs sheaves is covered in Subsection B. One of the key results is



that, after taking a suitable cover, Higgs sheaf is a direct sum of eigensubsheaves whose Higgs
fields are sums of scalar fields and nilpotent Higgs fields. It means that questions about Higgs
sheaves will be addressed once we figure nilpotent Higgs sheaves out. In Subsection C, we describe
a given nilpotent Higgs sheaf as a filtered deformation of a Higgs subsheaf of a well understood
Higgs bundle. When the sheaf is defined over a curve, this description is extremely simple.

The restriction theorem is proved in Section 2. Our proof essentially follows the argument of
the original vector bundle version [17]; what we meed in the new situation are elementary tricks
(Lemma 2.2). In this section, we do not need the assumption on the characteristic.

In Section 3, we study nilpotent Higgs bundles F on a curve and their “twists”, special de-
formations of F which is functorially constructed as tensor products of F with certain standard
twists over certain standard nilpotent algebra. We prove that F is Higgs semistable if and only
if there exist a suitable covering f: C' — C and an extension class 7 € Ext'(Og, f*O¢) such
that the 7-twist f*F, is bundle semistable (Theorem 0.2). The product theorem is an immediate
consequence of this theorem combined with the restriction theorem.

We derive the Bogomolov inequality for Hiiggs sheaves from the semistability of their “two-
step twists”. In Section 4, we study nilpotent logarithmic Higgs bundles 7 on a fibered surface.
In this case, F has two distinct Jordan filtrations, enabling us to construct two-step twist f*F,7
of the pullback sheaf f*F, where f: S — S is a ramified covering that preserves the fibre space
structure. Again we check the equivalence between the Higgs semistability of F|c on a general
fibre C' and the bundle semistability of f*F,z|s, from which we easily obtain the Bogomolov
inequality. When applied to the standard Higgs bundle Ox @Y, the Higgs-Bogomolov inequality
yields the Miyaoka-Yau inequality [18][30] for X (provided we are able to check a certain weak
stability condition on Q%).

Throughout the paper, the ground field is an algebraically closed field of characteristic zero

unless otherwise stated.

Aknowledgements. This paper grew up from the author’s talk “The Bogomolov inequality
for Higgs bundles” delivered at the conference Foliation Theory in Algebraic Geometry, Simons
Foundation, New York City, September 3 — 7, 2013. He is grateful to the foundation and
the organizers (Paolo Cascini, Jorge Pereira and James McKernan) for providing him generous
support and thereby a compelling motivation to conduct systematic research on this subject.
He also thank Academia Sinica, Taipei for giving him an opportunity to talk at the Lakeside
Colloquium and discuss the subject with S.-T. Yau in November, 2013. He as well appreciates
hospitality at the two international conferences: Moduli spaces of real and complex varieties,
Université d’Angers, June 2 — 5, 2014 (organizers: Frédéric Mangolte, Jean-Philippe Monier,
Daniel Naie, Fabrizio Catanese and Viacheslav Kharlamov) and Complex analysis and geometry,
FRIAS, Universitit Freiburg, August 21 — 23, 2014 (organizers: Anreas Horing, Stefan Kebekus,
Vladimir Lazié¢ and Gianluca Pacienza). Principal results and rough sketches of their proofs were

announced and some technical details were worked out at the two conferences.

1. PRELIMINARIES.



N
A. Weak multi-polarizations, H-slopes, and semistability.

Let X be a projective manifold of dimension d = 1 defined over an algebraically closed field.
By a weak multi-polarization of X we mean a sequence ff) = (Hy1,Hs,...,Hq_1) of d — 1 nef
divisors (]_iT> = if d =1). When the divisors are ample, H is called a multi-polarization. Given
a non-zero coherent torsion free sheaf 7 and a weak multi-polarization ﬁ , the FI -slope of F is
defined to be the rational number
ci(F)Hy - Hy

rank F ’

Mﬁ(]‘-) =

N
where rank F stands for the rank at the generic point. We say that F is H-semistable if the
%

H-slope of any non-zero subsheaf is less than or equal to pe (F). When d = 1, we say “slope”

and “semistable’ in stead of “f-slope” and “P-semistable”. For general theory of lr_{> -semistable
sheaves, the reader is referred to Miyaoka [21].

When F is equipped with an auxiliary structure 2f (which is assumed to be preserved by
elementary operations such as sums, intersections, quotients and Ox-duals), we can consider
the stablhty condition together with this structure 2. Namely, an 2-sheaf F is said to be
(2, H )-semistable if any non-zero 2l-subsheaf has H -slope less than or equal to ,u—>(f ).

General theory (see, e.g., André [1]) tells us that an 2-sheaf admits a unique slope filtration,
which is often called the Harder-Naramsimhan filtration in respect for the paper [8], wherein the

notion was first introduced:

-
Proposition 1.1 ((2, H)-slope filtration). Let F be a torsion-free sheaf with an auziliary struc-

ture A. Then there exits a unique 2A-modulde filtration
0=F*CFCcCF'=F
which satisfies the following two conditions:

(1) Semistabiliy of the successive quotiients, i.e., the quotients Q;f’l = ]-"J-Q[/‘/Tjg[_1 are non-zero,

N
Ox -torsion-free, and (2, H)-semistable.

(2) Strict decreasing slopes of the successive quotients, i.c.,

p=(G5) > p(Gl) > - > p=(G).

N

The initial term F&' = Gg' of the slope filtration is called the mazimally H-destabilizing 2-
—

subsheaf of F. Among the H-slopes of 2-subsheaves of F, the slope ,uﬁ(]-'gl) is the largest.

5
We call it the mazimum H-slope of F and denote it by p* (F). In view of definitions and

H ,max
Theorem 1.1, we have obvious equivalences:

Fis (X, H) semistable < p2 (F)= u%(]—") o FA_F.

H ,max

Given a separable, generically finite morphism f: Y — X, let f :Y — X be its Galois
cloure. When the auxiliary structure 2l is nice and naturally extends to f*F and f*]—" , the



- = ~
unique maximally f* H-destabilizing 2-subsheaf of f*F is Galois-invariant and descends to the
—

maximally H-destabilizing 2-subsheaf of F. Therefore, in this case, we have

— - =

Fis (A, H)-semistable < f*F is (2, f*H)-semistable
—

& f*Fis (U, f*H)-semistable.

The situation is much subtler when f is inseparable (see Langer [16]).

B. Higgs sheaves, spectral schemes, and eigensheaf decomposition.

Typical examples of 2 are Higgs structures defined by Hitchin [9] (on a Riemann surface) and
Simpson [27] (on a general complex manifold). In this article, we employ an equivalent definition
adopted in Miyaoka [23].

Let X be a manifold. Let Sym® = @, >, Sym® © denote the symmetric tensor algebra
generated by the tangent sheaf ©x. A Higgs sﬁeaf on X is, by definition, a coherent torsion-free
O x-module with a Sym © x-module structure or, equivalently, a pair (F, ¢), where F is coherent
and torsion free and the Higgs field ¢ € Home, (Ox,End(F)) & Home, (F,Q ® F) satisfies

the commutativity condition

©(0)p(&) = p(&)p(0) € Endoy (F) for 0, € Ox.

In particular, the Ox-homomorphism ¢ naturally extends to an Ox-algebra homomorphism
©: Sym Ox — End(F).

A morphism f: Y — X between manifolds naturally induces an Oy-homomorphism fy: Oy —
f*©x. Hence, if (F,¢) is a Higgs sheaf on X, its pullback f*F (more precisely the pullback
modulo torsion) carries a natural Higgs sheaf structure with the Higgs field py = (1® ) fy. For
instance, given a closed submanifold Z C X, the restriction of a Higgs sheaf to Z naturally is
a Higgs sheaf on Z. Another example is a surjective, separable morphism (i.e., f is generically
surjective). In this case, the saturated Sym f*© x-subsheaves and the saturated Sym ©y-
subsheaves of f*F are exactly the same. Therefore, in view of observations in Subsection 1A

above, we obtain the following

Theorem 1.2 (Semistability of Higgs sheaves under separable morphisms). Let f:Y — X
be a surjective, separable, generically finite morphism between projective manifolds. Let I_{> be
a weakz polarization of X and (F,¢) a Hzggs sheaf on X. Then the Higgs sheaf (f*F,@y) is
f*H semistable if and only if (F, ) is H semistable.

Let (F,¢) be a Higgs sheaf of rank r on X, a projective manifold of dimension d. Let K be the
function field of X, K the algebraic closure of K and O the integral closure of Ox in K. Take
a K-basis 0y,...,0q of Ox ® K = K% We view p(61),...,¢(04) as K-linear endomorphisms
of F® K = K9 . Since these endomorphisms mutually commute, they are simultaneously
represented by upper triangular matrices, with eigenvalues wjq, ... ,w; € K in the diagonal of
©(0;). Because the K-linear map ¢ comes from an O x-linear homomorphism, its eigenvalues are
essentially in O, i.e., the correspondence 6; — w;; defines a muti-valued regular section of 9]

or, equivalently, a closed subscheme Z of the total space Spec Sym © x of the vector bundle QL.



Z is finite of degree r over X. We call Z the spectral scheme attached to (F, ). When X is a
curve, the structure of the spectral curve Z was closely studied by Hitchin-Murray [10].

In view of what was said so far, the following theorem is elementary linear algebra.

Theorem 1.3 (Eigensheaf decomposition). Let f: Y — X be a surjective separable morphism
between manifolds such that the function field of Y contains the function fields of the irreducible
components of the spectral scheme Z. Then there are global 1-forms (eigenforms) wi,...w. on
Y and a direct sum decomposition .
F'F=@ 7
j=1
into Higgs subsheaves (eigensheaves) ]-";j n such a way that the restriction <py|}_;j of the Higgs
field is the sum of the scalar field w; ® id and a nilpotent Higgs field cp}lﬂ‘ The Higgs sheaf

— —
(F, ) is H-semistable if and only if all the eigensheaves F;j have the same f*H-slope and each

) —
nilpotent Higgs sheaf (ﬁj,go?ll) 18 [* H-semistable.

Here a Higgs field ¢ is said to be nilpotent if there exits a positive integer s such that
@: Sym* Oy — End(F) is a zero mapping. A Higgs sheaf with nilpotent Higgs field is called
a nilpotent Higgs sheaf.

Theorem 1.3 together with Theorem 1.2 tells us that many questions about Higgs bundles (in
characteristic zero) reduce to questions about nilpotent Higgs bundles. To be more specific, in
order to prove the product therem and the Bogomolov inequality, we may assume without loss

of generality that the Higgs field ¢ is nilpotent.

C. Nilpotent Higgs sheaves

Let (F,¢) be a nilpotent Higgs sheaf. Given an integer k, we define F(=%) C F to be the
subsheaf annihilated by ¢(Sym*®) or, equivalently, ©~1(0), where ©* is interpreted as a homo-
morphism from @F to Sym” QL ® pF. The Higgs sheaves F (=K) define the Jordan filtration

0=F0c FCU c F(=2) ... c Fl=s-1) — F,

which gives rise to the associated graded module

s+1 s+1
Gr'(F) =g =P 69 =P FF-i+D,
j=1 Jj=1

By counstruction, ¢ induces Ox-homomorphisms %: O x ®G(~7) — G(=7+) 50 that (G, P) is again
a nilpotent Higgs sheaf.

Similarly, if we define F*) to be the saturation in F of the subsheaf (p(Symk(%X)]:, we get
the dual Jordan filtration

0=Fth) « 7o) ... c FO = 7O — F,

inducing a graded module Gr*°(F). It is easy to check that (F*)(=%) = (F/FF))* where -*
stands for the dual Higgs sheaf Hom(-,Ox). In particular, when F is reflexive, Gr*7°" (F) is
isomorphic to <GrJ°r(]:*)) :



Examples. For the standard Higgs sheaf E*(X), we have
Grl(B°(X)) = Gr™(B*(X)) = P Sym" Ox.
If X is a smooth hypersurface in Y and F = E°(Y)|x, then

GrJor(]-“) =P Sym” Oy|x
Gr*-Jor(]_-) =P Symk Ox ® Syms—k(/\/X/Y @ O0x),

where N,y stands for the normal bundle. If we ignore the gradings, the two modules are
isomorphic to to E*(Y)|x and Sym®(©x ® Nx,y ® Ox), respectively.

Remark. Do not confuse the Jordan filtration {F(~*)} or the dual Jordan filtration {F (k)) with
the slope filtration {]—']H 18851 They have no relation in general.

The length s of the Jordan filtration is called the depth of the nilpotent Higgs sheaf 7. By
the definition of s, the Sym ©x-module structure of F descends to a module structure over
E*(X) = SymOx /(Sym***Ox), where (Sym*T'©x) denotes the ideal generated by the s+ 1-th
symmetric tensors (see [23], Section 2, Example 3). Let F*(X) = @’_, Sym’ Q% denote the dual
Higgs bundle of E*(X).

Proposition 1.4 (Standard realization of associated graded Higgs sheaves). Let F be a nilpotent

Higgs sheaf of depth s. In the notation as above, there exists an injective Higgs homomorphism

s+1
Gr'"(F) =¢=P ¢ - FX) o5,
k=1
where GV = F(U) s regarded as a Higgs sheaf with zero Higgs field. Through this embedding,

we have
G¢-® = gn (Symk*%f ® g(’l)) .

Proof. Let (F*,%p) be the dual Higgs sheaf. We denote by 7 the Higgs sheaf (F*,0) with
zero Higgs field (75* is identical with F* as an @x-module but with a different Higgs structure).
Then we have a surjective Higgs homomorphism E*(X) ® F' — F* defined by 01 ---0,, @ a
to(01 - 0pn)(a). Taking the dual, we have a Higgs embedding

Fo Fr s FX)QF
together with a natural identification FER = Fn (Fk_l(X) ® 7**). In particular, there is an

inclusion G0 = FK) /F(=k+1) © gymF~10L ® F. Therefore, we can express an element
~ € G- in the form Z dz! @ ~y7, where the I are multiindices and ~; € F Then, by

| =k—1
letting &7 act on G, we get
71 = p(0")y € p(Sym*Ox)GH c gt
This proves that G(—%) is contained in Sym*~*Q} @ -1, O

Let F be a nilpotent Higgs bundle on a smooth curve C, with Jordan filtration 0 C F =1 ¢
. c F&s=1_ In this case, O¢ is a line bundle and the Higgs field ¢ induces injections



?: 0c @GR G(=F) or) alternatively, injections S(—F—1) = @%k ® Gk oy S(=F) =
@%k_l ®G=%  k=1,...,s. Thus we have the canonical realization

s+1
g=@p g esh,
k=

where F(-1) = S(-1) 5 §(=2) 5 ... 5 §(=s=1) 5 5 decreasing sequence of Oc-modules. The
Higgs field @ of G is simply the natural contraction map O¢ ® Q%k ® SCk-1 Q%k—l ®
Sk=1) Q%k_l ® S=%) | represented by the matrix in the Jordan normal form

0 de O 0
0 0 dx 0
0 0 O 0
. dx
0 0 O 0

Let 75, € Ext'(O¢, ©%F) be an extension class represented by a Ceck cocycle and let 7 denote
c

(11,...,7s). We define a 7-twist F*(C)z to be F*(C) on open affine sets patched together by the
transition matrices
1 T2 Ts—1 Ts
1 n Ts—2 Ts—1
0 1 Ts—3 Ts—2
0 0 O 1 51
0 0 0 0 1

which commutes with the Higgs field represented by the Jordan matrix. The 7-twist F2 is thus a
Higgs bundle on a curve. Conversely, any nilpotent Higgs bundle of which the associated graded
module is F#(C) is obtained in this way.

In general, we have the following proposition, which is an immediate consequence of the explicit

description of nilpotent Higgs bundles.

Proposition 1.5. Let the notation as above. A nilpotent Higgs bundle on a curve C is embedded
into F*(C)z @ FU for certain 7, and we have
s+1
F=)Y F0)re8 cF(0), ® F7Y,
k=1

where F(-U = S 5 8(=2) 5 ... 5 §(=5-1) 45 ¢ decreasing sequence of vector bundles.



2. R-SHEAVES, HIGGS SHEAVES AND
THE MEHTA-RAMANATHAN RESTRICTION THEOREM

In this section, the characteristic of the ground field is arbitrary.

Let X be a variety defined over an algebraically closed field and let R be a finitely generated
Ox-algebra that contains Ox. A coherent sheaf on X equipped with an R-module structure
is said to be an R-sheaf (caution: in general R itself is not a coherent sheaf and hence not an
R-sheaf). Higgs sheaves are nothing but Sym © x-sheaves. R-sheaves form a subcategory of the
category of coherent sheaves. When an R-sheaf is a locally free O x-module, we often call it an
R-bundle. For instance, a Higgs bundle is a Sym © x-bundle.

Given a coherent O x-sheaf F, the set of its quotient Ox-sheaves with a fixed Hilbert poly-
nomial form a projective scheme Quot(F) (see FGA [7]). When F is an R-sheaf, its quotient
R-sheaves with the Hilbert polynomial form a closed subset of Quot(F). In particular, the the-
ory of quot schemes for R-sheaves is completely parallel to the case of usual coherent sheaves,
and we have the following R-sheaf counterpart of the Mehta-Ramanathan’s restriction theorem

on O x-sheaves:

Theorem 2.1 (Restriction heorem for R-sheaves). Let X be a projective manifold of dimension
d 2 2 defined over an algebraically closed field. Let FI = (Hy,...,Hy—1) be a multi-polarization
and Y a smooth member of |mHg_1| with the multi-polarization ;}y = (Hily,.--,Ha—2ly).
Let R > Ox be a finitely generated Ox-algebra and F an R-sheaf on X. Denote by (Fly)o
the mazximally ﬁy-destabilizing Ry -subsheaf of Fly. If the integer m is sufficiently large and
Y is general, then (Fly)o coincides with the restriction Foly of the mazimally I_il—destabilizing
R-subsheaf Fo C F. In particular, F s an I—f)—semz’stable R-sheaf if and only if Fly is an

5
Hy -semistable R|y -sheaf.

Proof. Recall the argument of Mehta-Ramanathan [17], the outline of which is as follows. Embed
X into a projective space P = PV via the linear system |[mHy_1|. The dual projective space P*
of P is identical with the linear system |mH,_1| consisting of hyperplanes of P. Let W be the
incidence variety {(z,II) ; z € X NII} C X x P*, equipped with two projections mx and 7p-.
Then, thanks to the theory of quot schemes, there exists a unique saturated subsheaf 3’-:6 of % F
such that its restriction to a general fibre Y = W]PT} (IT) = X N1II coincides with the maximally
destabilizing subsheaf of F|y. Then they use the Lefschetz theorem Pic(W) 2 Pic(X) @ Pic(P*)
and the Serre vanishing theorem to conclude that Fo is trivial along the fibres of mx so that it
descends to a sheaf Fp on X.

Their argument perfectly works as well in our situation. Indeed, the family of the maximally
destabilizing R|g-subsheaves is a closed subset of the quot scheme, determining ]?0 C % F, an
O x-subsheaf trivial along the fibres of 7x. Thus the maximally destabilizing R-subsheaf (F|y )o
indeed lifts to an Ox-subsheaf 7y of F. Hence the proof reduces to the following

Key Lemma 2.2. In the notation in Theorem 2.1, let £ be a saturated Ox-subsheaf of the

R-sheaf F. Fiz an ample divisor H on X and a constant rational number ¢, which may depend
—

on X, H, H, R and F, but independent of £. LetY be a nonsingular member of [mHg_1| and

assume that



(a) the restriction E|y is an Ry -subsheaf of Fly, and that
(b) 'LL;I (gly) z —C/JJE (Oy(H)) = —cmH1 s 'HdAQHdle.
Y Y

If m is sufficiently large, then the Ox -subsheaf € 1is actually an R-subsheaf. In particular, if the
mazimally Ry -destabilizing subsheaf (Fly)o of Fly extends to a saturated O x-subsheaf of F,
then the lift is automatically the mazimally destabilizing R-subsheaf Fo of F.

Proof. Take a coherent subsheaf S C R such that S generates the algebra R over Ox. Fix a
positive integer a such that both F and S can be embedded in direct sums of copies of Ox (aH).

Suppose that & is not an R-subsheaf. Then & = (Ox + S)E 2 &, and therefore £ and its
saturation £ in F have a strictly larger rank, say, r + rank £, than £ does. Since both £ and €
are saturated in F, they are subbundles in codimension one, meaning that, at a general point
p on the divisor Y, the ranks of £ ® k(p) and € ® k(p) are rank £ and r + rank £, respectively.
On the other hand, noting that €|y is an R|y-sheaf, we have £ ® k(p) = € ® k(p). Thus the

saturation process necessarily makes a big difference of the first Chern classes:
(€)= ci(E) ZrY = rmHq_;.
Let IC be the kernel of the natural surjection S ® £ — g/E Then we have

c1(&) ZrmHg 1 +c1(€)
=rmHy 1 +c1(E) 4+ c1(E/E)
=rmHg 1+ c1(E)+ca(S®E) — 1 (K)
=rmHg_1 + (rank S + 1)e1 (€) + (rank £)e1 (S) — ¢1(K).

Because /C is a subsheaf of § @ F, and hence a subsheaf of a direct sum of copies of Ox(H) ®
Ox(H) = Ox(2H), we can esteimate the first Chern class of IC from above:

c1(K) £ (rank £)(2aH) < (rank S)(rank F) 2aH.
Therefore
c1(€) Z rmHy_1 + (rank S + 1)c1 (€) + (a term independent of m and &).

Furthermore, by our assumption, we have uﬁ(g) = —cH1Hy---Hy_1H, to conclude that

rmHng i 'Hd_lH
rank £

1\

+ (a term independent of m and &).

p=(€)

On the other hand, uﬁ(?) < aHH, ... Hy_1H because £ is embedded in a direct sum of
Ox(aH). Comparing the two inequalities, we see that m must stay bounded from above as long
as € #£Eand r > 0. O

From Theorem 2.1 we deduce the following refined version of the restriction theorem for Higgs
bundles:

Theorem 2.3 (Refined restriction theorem). Let X be a projective manifold of dimension d 2 2
—
over an algebraically closed field of characteristic 2 0. Let H = (Hy,...,Hg_1) be a multi-
—

polarization and Y a smooth member of |mHg_1| with multi-polarization Hy = (Hily,..., Ha—2|y)-



Let F be a Higgs sheaf on X. If m is sufficiently large and Y is general, then the maximally Fly—
destabilizing Higgs subsheaf (Fly)o of the restriction Fly is the restriction Foly of the mazimally
ﬁ—destabilizing Higgs subsheaf Fy C F. In other words, the two natural procedures F +— Fly
and F — Fo commute.

Proof . In order to simplify the notation, let &y C F|y denote the maximally destabilizing Higgs
subsheaf or, equivalently, the maximally destabilizing Sym ©y-subsheaf (Fl|y)o, of which rank
is denoted by e. We will show that £y is in fact a Sym (© x|y )-sheaf. Then, by Theorem 2.1, it
extends to the maximally destabilizing Sym © x-subsheaf Fy of F, yielding the assertion.
Suppose otherwise. Then
& = (Ox +Oxly) &y C Fly

is a subsheaf of rank e+r, strictly greater than the rank e of £y = (Ox+0©y )Ey. Since the normal
bundle (O x|y)/Oy is isomorphic to Oy (mHy_1), there is a surjection &y (mHy—1) — g{//gy.
Its kernel is of the form K(mHy_1), where L C £y is a (saturated) subsheaf of rank e — r.
Fly is embedded in a direct sum of copies of Oy (aH|y), and so are K and Ey. Hence
p— (K) £ ap— (H) and p— (Ey) < ap=(H), while p— (Ey) = p— (Fy) because &y is
Hy Hy Hy H HY HY
maximally destabilizing. On the other hand, we have the identity

a(Ey) = a(Ey /Ey) + c1(Ey) = rmHy_1 + 2c1(Ey) — a1 (K).
Therefore

amHHy---Hyg 1 H = I, (aH)

> g, (&) = aléy)

e+r
mr i (Ha—1ly) +2pg, (detEy) — pg (det )

e+r
mrpg, (Ha-1ly) +2epg (&) — (e —1)pg, (K)

Y

e+r
mrpg, (Haoaly) +2epg (Fly) —(e—r)apg (Hly)
e+r

v

T .

= - m?*H Hy---H3 | + 2m1n{uﬁly(f|y),0} —apg, (Hly)
1

> 2 O H?2

2 rank]—"m HHy---Hj { —mM,

where M is a constant independent of m and £y. This inequality obviously leads to a contra-

diction when m is sufficiently large. [

3. DEFORMING NILPOTENT SEMISTABLE HIGGS BUNDLES
ON CURVES TO SEMISTABLE VECTOR BUNDLES

In this section, all varieties are defined over the complex number field (or, more generally, over
an algebraically closed field of characteristic zero).

Let f: C — Cbea morphism of degree d between smooth projective curves of genus ¢ and
g21. Given 1 € Ext%gé (O, f*0¢) = HY(C, f*©¢), we have the associated extension

0— f*0c = f*E'(C), = Oz — 0,



which we view as a deformation of the pull-back Higgs bundle f*E'(C) = f*O¢ @ Og. The

natural homomorphisms
f*0c® f'EN(C); = f*0c ® Oz = f*Oc C fE'(C),

equips f*E!(C), with a canonical nilpotent f*E!(C)-module structure, which in turn induces
a Sym f*©c-module structure as well as a Sym © z-module structure (Higgs structure). In par-
ticular, the s-th symmetric tensor power f*E*(C), = Sym®f*E!(C), is a nilpotent Sym f*©o-
module of depth s. The Higgs bundle f*E*(C), is called the 7-twist of f*E*(C). The graded
modules Gr' (f*E*(C),) and Gr*"(f*E*(C),) obviously coincide with f*E*(C).

If we represent 7 as a Ceck 1-cocycle {7,5} attached to an open covering {U,} of C, the T-twist

J*ES(C), is explicitly described in terms of the covering {U, }:

(a) There are isomorphisms

ha: FE(C)zlu, = fE(C)lu, =D 028 *u,.
k=0

(b) On U, N Upg, the transition data
hap = hghg': fEX(C)lu, = fE(C)|u,

is given by the Jordan normal form

1 Tap 0 0 0
0 1 Taf - 0 0
0 0 1 ... 0 0
0o ... 1 7ap
o ... 0 1

More generally, given a Higgs bundle (F, ¢) of depth < s on C, we define the 7-twist f*F, of
f*F to be the tensor product f*E*(C), ®;-gs(cy [*F over the Oz-algebra f*E?(C), which is
obviously a nilpotent Sym f*©c-module (and hence a Higgs bundle) of depth < s.

Let G = Gr'"(F) = @ G* be the graded module attached to the Jordan filtration. If
we describe F as a successive extension of the graded pieces G(=%) given by extension data
{095} € Ext' (G, G(=1), the #-twist (f*F), is defined by the twisted data

5y + Blrag) = 1007+ (1®¢)(rag),  j=i+]
Ezajﬂ =1® U;]ﬁ’ otherwise

or, equivalently, by the upper triangular matrices

12— ~ 1, 1,541
1 0&%—!—@(7&5) Jf’ﬂ Jag aag
_ _ 2. _25+1
0 1 ai‘% +B(Tap) -+ Tuj aa§+
_3, _3.5+1
0 0 1 O'aé aa;
0 0 0 1 T + B(Tap)
0 0 0 0 1



In view of this description, it is straightforward to check the isomorphisms f*(E® F), = f*£, ®
FF, (FSym*F), = Sym*f*F, and (f* \* F)r = A* f*F,. Furthermore, we deduce that
(f*F*)r = (f*F)* from the natural isomorphism F* = /\ramk]:_1 F @ (det F)~L.

Lemma 3.1. Let the notation be as above and assume that u(F) 2 0. Let r denote the rank of
F and put M = pmax(G) 2 0. If the extension class T € Extl((’)é,f*@C) is general, then any

line bundle L contained in (f*F). satisfies one of the following two conditions:
(1) L (PR =fpFEn;

(2) deg L < d(M +2g—2) — %
Proof. When F is given by the extension data Jgﬁ, then the twisted extension data t/ _iafjﬁ
define a family of vector bundles F;) parametrized by ¢ € C, such that F;) = F for t € C* and
F) = G. Thus, the upper semicontinuity of dim Ho(é,ﬁ_l ® F)) in mind, we may assume
that 7 = F(5) = G without loss of generality.

Fix an embedding £ C f*F, and let m be the smallest integer such that the line bundle
L is contained in (B,<,, [*6C"), C f*F,. Let us assume that m = 2, so that we have an
embedding of ¢: £ into the quotient (f*G=m*1D) @ f*G(=™))_ which then induces an injection
7: L < f*G(=™)_ By construction, 7(£) generates an f*E!(C)-subsheaf £ = f*E*(C), ® L in
(f*GmtD g f*Gm)) | while (L) is a direct summand of «(£) + f*g(=m+D ¢ (f*GEmH) g
f*G(=m)) . Tt means that the natural homomorphism

Ext'(Og, f*0c) = Ext! (1(L), f*O¢ - U(L)) — Ext' (L), F*g™ ")
kills the extension class 7. Therefore 7 must be contained in the image of
Hom(i(£), f*g™ 0/ f*0c -1(0)) = HO(C,1(£) 7 & (f*6CH/ fr 00 - 1(L))).

Let us bound the dimension of this vector space.

For the sake of simplicity of the notation, put
L=1L), A=1£) e fgtmth,

The injection f*O¢-L — f*G(=™*1 defines an embedding f*O¢ < A, and we want to compute
dim H(C, A/ f*©¢). The saturation M of f*O¢ in A is a line bundle and we have the natural

exact sequence
0— HY(C,M/f*0¢) = H°(C, A/ f*Oc) — H(C, A/M).

Since M ¢ A =~ £t f*gtmt) ¢ £71 @ £*G, its degree is bounded from above by
dM —deg L, so that the dimension of the global sections of the torsion sheaf M/ f*©¢ is bounded
from above by d(M + 2g —2) —deg L = 0.

In the meantime, for any subsheaf B C A, we have

deg B = (rank B)u(B) < (rank B)(dM — deg L).



When B contains M (and hence rank 3 = 1), we see that

degB/M = degB — deg M
< deg B — deg, f*O¢
< (rank B)(dM — deg, L) + d(2g — 2)
< (rank B){d(M + 2g — 2) —deg, L}.

Thus, if B/M # 0 (and hence rank B 2 2)), we get

rank B

< 7T
wB/M) = rank B —1

{d(M +2g —2) —deg L},
meaning that the maximum slope of A/M is at most 2d(M + 2g — 2) — 2deg L and that

dim HO(C, A/M) < 2(rank A — 1){d(M + 2g — 2) — deg £}

<
<2(r —2){d(M +2g —2) —deg L}

Combining the two estimates above, we arrive at the estimate
dim H°(C, A/ f*©¢) < (2r — 3){d(M + 2g — 2) — deg L}.

In other words, when we fix an arbitrary embedding 7: £ < f*G(~™) the elements of Ext’ (05, [*6¢)
that are annihilated in Ext'(z(£), f*G(—™+1)) form a vector subspace V; of dimension < (2r —
3{d(M — g+ 1) — 2deg L}. On the other hand, the embedding 7 is parametrized by an open
subset of Hom(£, f*G(~™)) and its dimension is bounded by

r(dM — deg L) < r{d(M + 29 — 2) — deg L}.

Consequently, the union | J; V; in Extl(Oa, f*©¢) has dimension at most
3(r —1){d(M + 29 — 2) — deg L}.
Therefore, if every general extension class 7 is contained in some V%, we necessarily have
3(r — 1){d(M +2g — 2) — deg L} = dim Ext' (O, f*O¢c) =d(2g —2) +§— 1

or, equivalently,

di3r—4)2g—-2) §-1 g1
< dM - <dM+29-2)— I
deg £ = dM + =377 5 sr—1) =AM +29-2) = 50—

completing the proof. [.

Corollary 3.2. Let F be a nilpotentt Higgs bundle of rank r and degree = 0 on a smooth
projective curve C of genus g 2 1 and put M = pimax (Gr' (F)). Let f: C — C be a ramified
covering of degree d with sufficiently large ramification locus so that the genus g of C is larger
than 3rld(M 4 2g — 2). Choose a general extension class T € Extl((’)@, f*©c¢). Then the T-twist

f*Fr as well as its dual f*F} is a semistable vector bundle whenever F is Higgs semistable.

Proof. Suppose that f*F, is unstable and let S be its maximally destabilizing sbusheaf of rank
r’. The invertible sheaf £ = A" S is the maximally destabilizing subsheaf of the vector bundle



, > < rl. Then, by our assumption and Lemma 3.1,

/\T,(f*]:)r =(f* /\r, F), of rank " = < "

r

/ / (=1
L = A" S must be contained in the first Jordan filter (/\T f*}}) . Thanks to Lemma 3.3

below, this means that S C f*F, is actually a Higgs subsheaf, and hence f*F, is Higgs unstable.
Consider the one-parameter family {f*Fi; }tec. Since F = G and f*Fy = f*F, for t # 0, the
Fir are Higgs unstable and so is their limit f*F = f*Fy,. Hence F must be Higgs unstable. [J

Lemma 3.3. Let V be a vector space of dimension r and ¢ a nilpotent endomorphism of V.
A wvector subspace W C V. of dimension 1’ is p-stable if and only if the induced endomorphism
0: NV = ANV, o0 A-- Ao = S o1 A+ Ap(v;) A--- v annihilates the one-dimensional
vector space N\ W.

Proof. If W is @-stable, then ¢ is a nilpotent endomorphism of the one-dimensional vector space
A" W, and hence zero. Assume that W is not g-stable. Putting W' = (¢|lw) (W) C W,
we have an injection ¢ : W/W' — V/W. Let {w},...,wl,wy,...,w;} be a basis of W such
that {w},...,w.} is a basis of W’. Then the ¢(w}) are linearly independent in V/W. Hence
o(wi A Awl Aw{ A--- Awy') contains a non-trivial term in N W @pwl), k=1,...,t
and hence non-zero /\T/ V. O

Corollary 3.2 yields a characterization of semistable Higgs bundles:

Theorem 3.4. A nilpoten Higgs bundle (F,p) on a smooth projective curve C is Higgs semistable
if and only if there exit a ramified covering f: C — C and an eztension class T € Extl(Oé, 1*0¢)

such that the T-twist f*F, is semistable as a vector bundle on C.

Proof. If F is Higgs unstable and S is its maximally destabilizing Higgs subsheaf, we have a
natural inclusion f*S, C f*F,, which is a destatabilizing subsheaf. This proves the “if” part of
the statement. The “only-if” part was proved in Corollary 3.2. [

Corollary 3.5. If £ and F are semistable Higgs bundles on a non-singular projective curve C,
then so are £ ® F, Sym™ F and \" F.

Proof. Recall that there is a natural isomorphism f*(£ ® F), = f*&; ® f*F,. In the meantime,
it is known that the tensor product of two semistable vector bundles is again semistable (see
[21] Corollary 3.7), and hence the assertion for the tensor product follows from Theorem 3.4.
We infer the assertion for symmetric tensor products and exterior products by noting that in

characteristic zero they are direct summands of tensor powers. [J
What we have proved so far implies the following unexpected

N
Theorem 3.6. Let F is a nilpotent H-semistable Higgs sheaf on a smooth projective curve of
genus = 1, and let Gr' (F) and Gr* " (F) denote the graded modules attached to the Jordan

and dual Jordan filtrations. Then we have the equivalence between three semistability conditions:

— —
F is Higgs H-semistable < Gr'*(F) is Higgs H-semistable
—
& Gr*J"(F) is Higgs H-semistable.



Proof. Because Gr*7'(F) is the dual of Gr'®(F*) and semistability is inherited by duals,
it suffices to show (F is Higgs semistable) = (Gr’°"(F) is Higgs semistable). Assume that
G = Gr’°'(F) is Higgs unstable and let S be its maximal destabilizing Higgs subsheaf of rank s.
Then take a suitable covering f: C — C with sufficiently large ramification locus and construct
the 7-twist f*G, for general 7. Consider the inclusion A\*S =2 A*S, € A*G,. By Lemma 3.1,
A’ S is necessarily contained in (A\® G, )=, which coincides with the untwisted filter (A®G)= 1.
Since F and G = Gr’°"(F) are locally identical, it follows that Gr'® (F) = Gr’(G) and that
Gr'"(A\° F) = Gr'(A\® G). Consequently we have (\°G)1 = (A®* F)D ¢ A\® F, meaning
that A\°S C A\® F. Hence A\® F is unstable and so is 7. OJ

By combining Corollary 3.5 with the restriction theorem, we have the following product theo-
rem (= Theorem 0.3):

— —
Theorem 3.7. (£ ® F), Sym*F and /\lC F are Higgs H-semistable if £ and F are H-semistable

Higgs sheaves on a multi-polarized manifold X .

4. RELATIVE HIGGS SHEAVES AND THE BOGOMOLOV INEQUALITY

Throughout this section, the ground field is assumed to be algebraically closed of characteristic
Zero.

Let 7: § — B be a two-dimensional Lefschetz fibre space. Namely, S is a smooth projective
surface, B is a smooth projective curve and every fibre of 7 is a connected reduced curve whose
singularities are at worst ordinary double points. Let D C B be an effective, reduced divisor of
even, sufficiently high degree, such that 7 is a smooth morphism over B \ D. Then we have the

natural exact sequence
0 — 1 Qp(D) = Qgs(log7m*D) = wg/p — 0.

Here Qp(D) = Qk(D) and Qg(log7*D) = Qf(logn* D) are the logarithmic cotangent sheaves
and wg/p = Os(Ks — 7" Kp) is the relative dualizing sheaf, which coincides with the double
dual of the relative cotangent sheaf Qg/p = Jwg/p, J standing for the ideal sheaf of the critical
points of 7. Let Og(—logn*D) be the logarithmic tangent sheaf, i.e., the dual vector bundle of
Qs(log7* D) and let Og/p C Og(—logn*D) denote the relative tangent sheaf, i.e. the dual of
the quotient wg,p of Qg(log7*D).

A coherent torsion-free sheaf F on the fibered surface (S, B, D) is said to be a relative
Higgs sheaf [resp. a logarithmic Higgs sheaf] if it has a Sym ©g/p-module structure [resp. a
Sym ©g(—log 7*D)-module structure]. A Higgs sheaf, or equivalently a Sym ©g-module, is a
logarithmic Higgs sheaf, while a logarithmic sheaf is a relative Higgs sheaf. Standard exam-
ples of relative Higgs sheaves are the nilpotent Og-algebras E°(S/B) = Sym®(0g,5 & Os),
s =0,1,..., which are sequence of quotient algebras of Sym®©g,5. A nilpotent relative Higgs
sheaf of depth < s is nothing but an E*(S/B)-modulde.

Let F be a nilpotent Higgs sheaf on S of depth s. When viewed as a nilpotent relative Higgs
sheaf, F has the dual relativeJordan filtration

0= f{s"‘l] C _7:[3] cC---C f[l] C JT-'}O] — ]:,



the k-th filter FI¥1 denoting the saturation of @?/]CB - F in F. As we have observed in Section
1C, the relative Jordan filter (F*)(=*) of the dual Higgs bundle F* is identical with (F ) FEY*,

Proposition 4.1. Let F be a logarithmic Higgs sheaf on S with dual relative Jordan filtration
{FEIY . Then the associated graded module

Gr*—rJor(]_—) = = @'H[k] — @]_‘[k] /]-'[k—H]
has a natural Sym(©g,p ® 7O p(—D))-module structure.

Proof. From our definition, it follows that the action of ©g,p sends F (k] to FIE+1 inducing trivial
actions on the graded pieces #!¥] and natural generically surjective homomorphisms ©g/p ®
HF — qlk+1] -k =0,... s—1. The action of ©g(—log 7*D) on F naturally induces a system
of actions on the H!*!, which descends to a natural action of 7*®g(—D) = ©5(—1logn*D)/Og/p
on H. The two actions above of ©g/p and 7*0@p(—D) on H obviously commute, whence the

desired assertion. [

When F is the standard logarithmic Higgs bundle
E*(S, B, D) = Sym®(Og & Og(—log 7" D)),
its dual relative Jordan filtration and the associated graded modules are given by the subsheaves
E(S,B, D) = 0%/, ® Sym* (05 ® ©s(~ log 7" D))

and
S

H*(S,B,D) =P 0%, @Sym* *(Os ®7"05(~D))
k=0
=~ Sym®(Og/p ® 7*Op(—D) ® Ox),

respectively. H*(S, B, D) is a nillpotent quotient algebra of the Og-algebra

H>(S,B,D) = (P 6% ©Sym' (1"©5(~D) @ Os)
k,120
= Sym(0g/p ® T*O5(—D)).

In particular, we can talk about H*(S, B, D)-modules and their tensor products over H*(S, B, D).
As we have seen, H = Gr*’°"(F) is an H*(S, B, D)-module.

Proposition 4.2. Let the notation be as above and fix a ramified generically finite surjective
morphism f: S8 from a smooth projective surface S such that a general fibre C ofmf: C—> B
is an irreducible curve of a given genus §. Assume that the degree of the divisor D on C is even

and greater or equal to four. Then:

(0) There exists an extension
0— Op(—D) = O(=6)%* - 0O -0

with extension class o € Ext'(Op,0p(—D)) = HY(B,0p5(—D)), where § is an effective
divisor such that 26 ~ Kg + D.



(1)

The sheaf
HS(Sv B7 D)O’ = Syms(@S/B D OS(_W*(D@Z)

is a H*(S, B, D)-module and hence it is a module over the subalgebra E5(S/B), i.e., a
relative Higgs bundle. The associated Jordan graded module of this relative Higgs bundle
is Og-isomorphic to H*(S, B, D) but with different grading, the first graded piece being
Sym®(©g/p®n*Op(—D)) instead of@?/sB. The same H* (S, B, D), has a second E*(S/B)-

module structure which is induced by the multiplication
Os/p ® Os(—1%6)% = Og/p(—7*5), 0@ (a,b) > 0Ra+0®b

and can be extended to a module structure over a larger Og-algebra E5(S/B) = Sym®(Os®
Og/5(m*d)). The first Jordan filtration of this new relative Higgs bundle is isomorphic to
Sym®(9s/p ® Os(—779)).

Fix an arbitrary extension class T € Extl(Oé, (flg)*©c). If the degree of D or, equiv-
alently, the degree of ¢ is sufficiently large, then there exists an extension class T €
Extl((Qg, J[*©g/p(7"0)) of which the restriction to C coincides with T. The corresponding
extension

0 — f*Og/p(1*8) = f*EY(S/B)s = Os = 0

is an f*EL(S/B)-module and f*E*(S/B); = Sym® f*E!(S/B); is an f*E*(S/B)-module.

Given a nilpotent logarithmic Higgs bundle F of depth s with the associated graded module
H = Gr*7(F), the tensor product

Ho = H*(S,B,D)s ®us(s,8,0) H

of H*(S, B, D)-modules has the structure of an ES(S/B)—module via the second relative
Higgs bundle structure of H*(S, B, D),. Therefore, the tensor product

[ Moz = [TE(S/B)z ®.ge(s/m) | Ho

is well defined. We have the equality [f*Hqsz] = [f*F] in the K-group K(S).

The restriction Hq|c of the o-twist to C is isomorphic to H|c = Gr* 7 (F)|¢ and it
is Higgs semistable if and only if Flc is so. The restriction f*Hoz|s of the oT-twist
constructed in (3) is identical with the T-twist of f*H|s.

Proof. (0) The assertion trivially follows from standard arguments based on the Riemann-Roch

theorem on curves.

(1) Since H'(S, B, D), is an extension of Og by Og/p & m*Op, the action of (Og/p ®
m05)H> (S, B, D) on H' (S, B, D), is defined as the standard nilpotent action. The subsheaf of
H'(S, B, D) annihilated by Og,p is clearly © s/B® [*Op(—D) and hence the associated graded
module is H' (S, B, D) with a new grading. This standard H>(S, B, D)-action on H'(S, B, D) in-
duces a H*(S, B, D)-action on the symmetric tensor Sym*H! (S, B, D), = H*(S, B, D),,, mean-
ing that H*(S, B, D), is a H*(S, B, D)-module. Now the rest of the statement is obvious.

(2) is again trivial.



(3) The E#(S/B)-module structure of #, is naturally defined by that of H*(S, B, D),. Since
the sheaves in question are constructed as successive extensions, we have [H*(S,B,D),] =
[H*(S, B, D)] in K(S) and [f*E*(S/B)s] = [f*E*(S/B)] in K(S), leading to the conclusion.

(4) The extension o as well as the divisor d is trivial on the fibre C of . Therefore we have
isomorphisms H*(S, B, D),|c & H(S, B, D)|c and Hs|c = H|c. Furthermore we have seen in
Theorem 3.7 that H|c is Higgs semistable if and only if F|c¢ is so, thus establishing the equivalence
between semistability of H,|c and that of F|c. Since Ho|c = H|c and E*(S/B)|c = E*(C),
the final statement is obvious. [J

From Corollary 3.2, Theorem 3.7 and Proposition 4.2, we derive the following

Corollary 4.3. Let the notation and the assumption as in Proposition 4.2, and put r = rank F,

g=g(C), 3=9(C), d=deg f, M = pmax(H|c). Assume the following three conditions:
(1) §— 1 is sufficiently large compared to rld(g — 1), i.e., the ramification locus of f is large.
(2) degd is large enough to ensure the subjectivity of the restriction map
Ext'(Os, f*0s/5(7"0)) = Ext! (Og, (fl5)"Oc)-
(3) The extension class 7 € Ext'(Og, f*©g/5(7*0)) is general.

Then the restriction of the oT-twist f*Hqz to C is bundle semistable if and only if F|c is Higgs

semistable.

This corollary implies the following inequality for the Chern numbers of relatively semistable

logarithmic Higgs bundles on a fibered surface:

Corollary 4.4. Let F be a vector bundle which is a nilpotent ©s(—log7* D)-module on a fibred
surface (S, B, ). If the restriction of F to a general fibre C of 7 is Higgs semistable, then

Proof. Let the notation be as in Corollary 4.3. Then £ = f*H,z on a general fibre Cofrmo f
is semistable as a vector bundle. It follows that both dim H 0(§ ,Sym™ &) and (by Serre duality)
dim H2(5,Sym”™ &) are bounded by (constant)N™"k€. Thus y (§, SymNg) < O(N™@k &) (for
further details see [21]). Then, noting that the Chern classes of £ are identical with those of
f*F, we deduce the inequality from the Riemann-Roch theorem. UJ

If X is a projective manifold of dimension n and Hq, ..., H,—1 are ample divisors, we consider
a general complete intersection surface Y cut out by high multiples of H,, 1,..., Ha, and then a
general Lefschetz pencil A C [mH;| on Y. By blowing up the base points of A, we get a fibered
surface 7: S — P'. Then, by Corollary 4.3 and the restriction theorem, we have the following

N

Theorem 4.5 (= Theorem 0.4). Let (X, H) be a multi-polarized projective manifold of dimension
—

n =2 and let F be an H-semistable Higgs sheaf of rank r on X. Then the Bogomolov inequality

r—1
, Cl(]:)QHl o 'Hn_g

02(7:)H1 < Hp o Z



holds.

Proof. When n = 2, we are done with locally free F. A torsion free sheaf F on a surface is not
locally free in general, but its double dual 7** is indeed locally free. We have c1(F**) = ¢; (F),
co(F**) 2 ca(F), so that the Bogomolov inequality holds for general H-semistable Higgs sheaves

on a surface. Then the assertion follows from the restriction theorem. [J

Remark. As we have mentioned in Introduction, Simpson [26] proved Theorem 0.4 by construct-
ing a Yang-Mills connection on a stable Higgs bundle. An attempt toward an algebraic proof
was made by Langer [14], who showed the inequality for Higgs bundles of rank up to three.

An immediate consequence of Theorem 4.5 is the following

Corollary 4.6 (Miyaoka-Yau inequality). Let X be a smooth projective variety of dimension d
—
with a multi-polarization H = (Hy,...,Hg_1). Assume the following two conditions
(a) Kx 1is pseudo-effective and hence ,LL?I(Q‘IX) =0y

l+4+rank S Hy---Hy_1Kx
rank S d+1 ’

Then we have 2(d+1)co(Qy)Hy---Hg 1 2 dK%Hy---Hy_;.

(b) Any subsheaf S C Q% satisfies u;}(S) <

N
Proof. The conditions (a) and (b) above guarantee the H-semistability of the standard Higgs
bundle F!(X) = Ox & Q4. Then the Bogomolov inequality for F'(X) is exactly the desired
inequality. [J

Remarks. (1) The hypothesis (a) in Corollary 4.5 amounts to the non-uniruledness of X (see [24]
and [3]), a natural assumption one would make. The hypothesis (b) is far harder to check, albeit
it is a considerably weaker condition than ﬁ—semistabﬂity of QL. What we know about the
cotangent bundle of a general non-uniruled manifold is no more than its generic semipositivity
oK)

In two special cases, however, we are in a position favorable enough to check the hypothesis
(b).

N
One is the case where (X, H) is a canonical manifold, i.e., Kx isampleand H; = --- = Hy_; =

[20], i.e., the non-negativity of the minimum slope p

Kx. In this standard situation, Q% is indeed K x-semistable (see Tsuji [28]), and Corollary 4.6
recovers Yau’s inequality 2(d + 1) co(X)K% 2 2 d K% shown in [30].

We know another nice situation where X is a surface S with nef canonical divisor. In this
classical framework, any invertible sheaf S C Q} satisfies 11y, (S) = ¢1(S)Ks < ¢2(S) (see [18])
and meets the condition (b) provided H = Kx and 2¢5(S) £ K2. Thus Corollary 4.6 gives a
fourth proof of the Miyaoka-Yau inequality 3c2(S) = K2 after an algebro-geometric proof [18]
and analytic proofs by Yau [30] and Simpson [26].

(2) It is routine work to extend our results to logarithmic Higgs sheaves and orbifold logarithmic
Higgs sheaves. Specifically, it will not be difficult to prove certain higher-dimensional analogues
of generalized Miyaoka-Yau inequalities due to Sakai [25], Miyaoka [19], Kobayashi [11][12],
Kobayashi-Nakamura-Sakai [13], Langer [15] and Miyaoka [22].
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