A theory of
Infinitely Near singularities

by means of
|dealistic Exponents

a “global-local technique” conceptually bridging
global problems with local problems
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5l 1<b<a, (a,b)=1

Plane curve defined by yP—xa=0
Blow up at the origin (0,0)

Transform defined by YL —x2P =0
Blow up at the origin (0,0)

Transform defined by Y0 —x,320 =0

Blow up at the origin (0,0)
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Multiplicity b A%<, L7=A>T.

Infinitely near singular points A%
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Our ambient scheme Z will be smooth of
finite type over a perfect field £, We study
the nfinitely near singularity of an ideal-
istic exponent on Z, say E = (J.b), with a
coherent ideal J on Z and an integer & > 0.

Example.
Z = Speclklz]),z = (21, ,2y). H =
Spec(klz]/ fklz]) with f € E[z]. Consider
the idealistic exponent E = (JJ, b) with J =
fO, and b = mazr{mult(H),§ € H}.
We aim to rednce the multiplicities to < b.




The infinitely near singularity of
E={]5
is represented by those  blowing-up dia-
grams, called LS B, whicli are permissible
for it. So we recall the notion of LSB and
permissihility.

We will use an arbitary finite syvstem ol
indeterminates £ = ($y,89, -+ ,t,). We let
Zt]| = Z x. Spec(klt]) and E[t] = (J[t], b)
with J[t) = JOglt].



Definition

A local sequence of smooth blounng-ups,
called LS B over Z for short, means:

Mr—1 Tp—2
Zr _} {JT;'—- 1 (: Z,r-._. 1 _—}

U
Dr‘—l

1 E1!
— Uh g — Ug C Znp= 2
U U
Ih Dy
where Uy is an open subscheme of 2, Dy
is a regular closed subscheme of Uy and the
AITOWS 1M0all: 7 © Zigqr — U5 C Z; s the
blowing-up with center D,




The permissibility of an LSB for £ =
(J, b) 1s defined inductively. It then is enough
to define permissibility of a blowing-up and
the transform of E by such a blowing-up.
For an open Uy € Z, E is replaced by its

restriction E | Uy = (J |Uy, b). Define
ordy(E) = ord,(J)/b

and
Sing(E) = {n € Z|ord,(E) > 1}
= {n € Z|ord,(J) > b}

which is called singular locus of B



A blowing-up 7 : Z; — £ with center D
is defined to be permissible for Eif D) is
smooth and D C Sing(FE). The transform
Fh = (J1,b) of B is defined by

J1 PP = JOg
with respect to ., where
P = (ideal(D C Z))Ogl
called the exceptional divisor.  Note that
P is nonzero loeally principal so that Jy
ix nniguely determined as an ideal sheaf in

Oz. Now the notion of permissibility is
delined [or LS B,




An idealistic exponent (J,b)
should be dealt with
as a symbol which represents:

the family of the t-indexed sets
of all permissible LSB’s
over Z[t]
where the index tis
any finite system of indeterminates



I

For a pair of idealistic exponents F;

(i bi),t = 1,2, we define the tnclusion:
i C FEs

to nwean the concition: Pick any t =
(t1,- - ,ta). If an LSB over Z|t| is per-
missible for Ei|t], so is it for Es[t].

Fouitvalence: E, ~ Fo will mean that
Fy C Esand B O Es.

Eeopuavalence: MjE; ~ & will mean that,
Vt, an LS D over Z{t] is permissible for F;[#]
for all 7 if and only if it is so for E[t].



1 {J eh) ~ (b} for overy e > (.
2] It E;rf et o= 1,2,

[
l

(J1, ) aﬁl(;'r; fa) ~ }’1” +- Iu LT
[3) (142, 614020 D (1 60N, by I Sing(f;, b+
1y =@ for both ¢ = 1, 2, then they are equivalent .
[1]  Compare Fy = () and Fy = (J, bs) with
Hy > be. Then we have
l] Fl C Fs.
2] Their final transtoris by an L5 B differ only by
# power product of the ideals ol exceptional divisors,
5] {J.B) ~ (J,B) for the integral closure J of J.



Three Technical
Key Theorems

Numerical Exponent Theorem
Differential Theorem
Ambient Reduction Theorem




For an idealistic exponent £ = {J, b} on
an ambient scheme Z, we defne:
ord¢(E) = orde(J)/b for & € Z.

Numnerical Expouent Theorem
Let E; = (J;, 8:), 1 = 1, 2, be two idealistic
exponents on an excellent 2.

If we have (F)) C (£3) then we have
G?“dgl: E) < UT‘dg(Eg) for \Efcf € 4.

I particular, if we have B ~ Ey
then orde(Er) < orde( Ey) for V€ € Z.



Diftf Theorem

[t D is any left
(O z-submodule of Dif f‘(ﬁf )
then we have the follwoing inclusion
in the sense of idealistic exponents

(DJ,b—1i) o (Jb)
or equivalently

(J,6) N (DJ,b—1i) ~ (J,b)



Ambient Reduction Theorem

Let W C Z be closed smooth over a per-
fect fleld.

"Theorem

A ((Dz:f AN Ow, b — },)

Nl
8 an ambient reduction of (J,b) from Z
fo W. This means:
Pick any indeterminatest = (£, -+ ,t.)
and any LSB on Z|[t], such that the
strict transforms of Wt] contain all
its centers. Then the LS B permis-
sible for Elt] if and only if so is the
induced LSB on Wt| for F[t].



Given E = (J,b) on Z. let J,..(e) be
the maximal one among all those ideal T
such that (1,a) D (J,b). We then define a
araded Oy-algebra

.@(Ej = Z Jmu.r(a)Tn
0<a=oo

where 7" is an auxiliary indeterminate whose

powers corresponds to degrees. We call p( E)

the  characteristic algebra  of E, which

generalizes the classical  first characteris-

tic exponent of a plane curve singularity.




Given E = (J,b) on £, definc
EY = (J4bh

where bF = B! and

7= X (it

01

Theoremn

2(E) 1s the integral closure of
L &
X2

Z( JT[:)(\.TI):H c i OET'B

r=()
Hence p( E) is {initely )wsonlc,d as (9,: algebra.

(H.Hironaka, J. of Korean Math.Soc. 40(2003),901-920)
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To make the idea clearer, take the case of
a hvpersurface X < C
cletined by fle), -+ ,2,) = Q.
Incidentally, we have a technicque to reduce the gen-
cral case to hivpersurface case, (Fdealistic exponents
of singularity, J.Hopkins U.Press (1977)pp.52-125.
We use differential operators
. el
O — Gr\ "8y b,
Woe look into the singularity of X at a point £, sav
£=(0)and f(&) =0. Lat b = mali e (X)) = orde(f),
and consider the set
{ON acZylal=b-1}
oul of which we dioose a maximal system of those
having linearly independent linear terms:

{ f:: zi}rlj{f}:] oy (i}
This ¢ 1s called Zaviskid codimension of X al £,

Vo € Z



By the implicit function theorem, we obtain a smooth
submanifold W of cocimenion d (locally at £) in C”,
defined by ff = -»» = f} = 0. This W has the
maximal contact with X in T al £.

Consicer the ideal in the ambient space Z = C":
M

o\ b
J= 2 (D-»rff;;’ )
D<rh—1

and then let J be the ideal in W induced hy J.

T'hen the problem of redueing the multiplicity of f
on Z 1o less than b evervwhere (by means of sucees-
sive " permissible” Dlowing-ups) is conpletely equin-
alent to the reducing the multiplicity of the ideal ./
on W (by similar means) to less than bl everywhere.

Thus, the problem in dimension » is re-
duced to a problem in dimension n —d < n.




NTHRTORITDZHRIEICHT HIFE
HAHDEERIINZFIZ IR T, fIiGso— Rt
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ZDONZEIZXIF=H. SEBAIZ99%IELLY, 10
0% TIELLNEES T &,
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28 1. IBOIT—DDHFER f
(equation for the hypersurface) hvio i F
LT BRTOEILAEADZEICI/EL
f=o S ENRTIZ ?

(&%) No problem! &#HS
idealistic exponent (J,b) TIROTHITIE L
LYo (DD f [2THDHYICE#D U AT L
TEEEQEB&T:*(??)L J TETHADLTIT
D&,




B 2. #BHIZ b [ multiplicity
DEKRNEELIz. =D W ZEEZTHAHTE
(& empty THZULWL., dimW < dimZ.
N = f=of-biRtEEE2<ERE,

(% %) Very little problem ! —fig(Z

(J,b) & (U, b),b<b, &D
ZLVE normal crossings (accumulated
exceptional divisors ) 7=1F+, ZFhlLALHN
BEEMNENITHEICLETED,
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9. p>0 DIHFEDFEATIEIHEA
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Local theory:  Initial decomposition
Pick a closed point £ € Z and let B =
Oye¢. Then k = R/M with M = maz(R)
is porfect. Given f € R with orday(f) =
m > 0. the initial form éna( f) is a nonzero
homogeneous polynomial in 12 = g[M /A2
Lommea
T o base & = (Fy,--- , 7)) of M/A? such
that 4 v,1 < r < n, and ¢, = p, e >
0,1 <4 <, such that
Ll =@ <¢g<m
2 ina(f) € wlzf - 2]

: . copoplmi—ey - 3 '
3.¥i,3D, € Dif fii % inad(Dif) = ¥,



[t follows that 4 a weighted homogeneons
FiY)ye RY]Y =(Y,,-+ . Y,), withwt(Y;) =
g;, such that wtdeg(F') = m and

f—F(f,-- . D.f)epymtt

Theoren

Given B = [(J,b) on Z, there exists an
eguivalence
where B, = (fR g, 1 <i<r,and F =
(1, a) with ordy (1) > a.



Inductively, the problem can be reduced to
the case of
E~ (N E)NF
wheore
1. F = (I,a) where £ is a normal crossing
ideal of only exceptional divisors

2. F;, = (R, q) with

g1
N/ 1 . 2 : N
j,_i — :L.,—" + fio + f,gj&f,,f
J=1

whore ¢ = p% and 0 < e --- < g,
3
L3N

f :f,t e [47,
where Wi, 71,1 <i<r 1l < j<qg — 1




FNE
(Inductive argument)

MIRED ?
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