On the equivalence classes of spherical curves

by Reidemeister moves I and III
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DAIZZFELRVEEZIF o™, o (BT, 7, resp.) ZF £ DT a (B, resp.)
EEC

2: Oé+, aia ﬂ+7 Bi'

EE 2. PEIRAMBE TS, t1, b Z2ZNEFNPDOBET S, D, Dy %
i S? bo2o0MEL TS5, SPOMMECTD Ug Dy = S? 2 ENP
= { a double point d } 2> t; C Dy, to C Dy Zhii7c$T HDVHFEET 5 &
E P IZ reducible (AIHI) &9, ZDEED d % nugatory double point &
W5, TR T2 IR IR % irreducible (BEKD) &9 (K13) .

3: nugatory double point

REHETIZROFER 2N L 7.

EE 1. PP 2PEIBKAIRE E T4, n(P)dEEH5 10D LT 5,
ZDLEE, [n(P)—n(P) =01, bLL1E3TH2.

1. n(P') = n(P) =0 < P, P 1xM 1[8]o) RII ¢ %,
L, BIEOWTATA FERRED, Bils 0T 2z for,




2. [n(P') —n(P)| =1« P,P' 13 1 [HD o TH5.
3. [n(P") —n(P)| =3 < PP i3M 1 HoD 8 TH5.

BRifmhsR o RI, R DEMERIRICE VT, TG 2 EIZ RITIZR A
BEEZ NI L, BRERIC 3B e wE#EHTER I ETH D, ]
I, H2ERmERD S L T, RIBZICTAE TN AR ED & 9
ROEDTHHD%FLBTEIETHS, EH1OEREFEHITVI) ERXRD X
D, 2O RERTE X9 £ 1RO R £\ 22D RIIC K
LEWEIDT 5720, HEKZ: RIZHIEV% & L, RIS essential IZHfRE %2
bZE25 1) E1HDRI ZELEHBEZHR L, S0z 5L, 2250
BERERIHIARET T, B &9 £ 1o RII 2 & 0EBINE, REBEE AR
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D, 526 NBERIKEEE> S, x99 E1RORI Z2&0CAETE LN
2 WERS BRI AR O A BRAE O MIREME SRR D S iz 2 LT 5,
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COETEE 1 EDORTZHBICMHE> T nbD LT3,
5 2. PP ZHEMRE T2, d3(P,P) %X TED S, d3(P,P') = min{
the number of RI’s | P, P’ %% up to ambient isotopy T RI, RILIZ X Hh D

59 }. P, P’ %% up to ambient isotopy TRI, RILICX DB AbhnE &
d3(P,P") =00 £ T 5.

PP DEMEHDRHNTH 2 LIEET 2 &, EF 1 IR R L0
(BB n(P) I25ebE% AN D)2,

W 1. R P L35, n(P), o™, BT B 1HEDObDET S, PP %
irreducible Z& BRI E L, d3(P,P) =1, n(P') <n(P) £¥%. DLk
E, n(P)—n(P)=0,-1, bLIE-3ThhH, 20lliIinwv, I 51X
=T

L nP)—n(P)=0D,E PP I3HE1[AD RI TK .

2. n(P)—n(P)=—-1DLE PP I3HE1FRID ot TKS,

3. n(P)—n(P)=-3DL % PP 311D BT THS,
FE 3. RL RILOFZEAICH LT RIT, wRIIO, wRIEFY | sRII®, sRITEY,
SRI*? 24 Ik > TED S,
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525 3. P, P =¥ &%, P, P’ 2% up to ambient isotopy ¢ RI, RII
WEOBHDAI ET S, ZDLEE, ambient isotopy %l L 72 RI, RIL 2> 5
B ERI {Op i, &2, RDEXIICFKRTHILIIT S,

P=pP B pEBp%. %p _p
P,P' 73 d3(P,P") =1 %iii7= 3 & ERXRDOE 1 2> 6 4 DS H 32D [1].
#H2E 1. n(P') —n(P) = #{i | Op; = RI"} — #{i | Op; = RI"}.
58 4. Pt LT f.(P) % prime factor DEE L T 2.
#%E 2. Op; D’ RIT(RI, resp.) % 513 fo(P) — fo(Pi1) =1 (—1, resp.).
ER3ICLDRVBDD 5,

WE3. h=1%7132L72, ZOLERDEA5. Op; BwWRIFY (wRIIY,
resp.) %% 513 fo(P;) — fo(Piz1) = 1 (=1, resp.). Op; 7% sRIIHF (sRII(F) |
resp.) %2 513 fo(P;) — fo(Pi—1) = k (—k, resp.).

i 1-3 X0, MiE4352 5.
#HRE 4. S5 30 {Op}, ICRLT

fe(P') = fo(P) = n(P’) = n(P) + £{Op; = RIL | fo(P;) — fe(Pim1) =1}

—#H{Op;i =R | fo(P;) — fe(Pim1) = —1}

+28{Op; =RII | fo(P;) — fe(Pi—1) =2}

- Zﬁ{opi = RII | fc(Pi) - fc(Pi—l) = _2}'
(1)
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L7 D% reduced(P) L3 3,
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[3, Theorem 2.2 (1)] Ik D Z#UT—EIZEE 5 (essential 1213 Khovanov][5]
ICk2)., COZL»oWMEEBEZ S,
WE 5. PP YRRk E T2, dy(P,P') =1 2FBT 571
P=pP B p®p%. . . Bp _p

WELETDEL, Op;=RII ¢T3, ZDEE

reduced(P;_1) = P,reduced(P;) = P'.

3 fnREE 1 DA
RI 234059 2 RMEBIGRIC 3 T, A REET 13082 b 72 2 Bkl
reduced(P) 2SME—DE £ 5 Z EDFI STV 5 [3, Theorem 2.2 (1)] (T D

FEHL AL, essential 121Z [5] 128> T doodle 128 L THb i AfERIR I
GFEND). ZOETOHTIIHE1HE, FH2HEICHET S,

5 6. X (1) DAAD 4THITOWTHNET S ¢

(i) == 8{Op; =RI | fe(Pi) — fe(Pi1) = 1},
(i) := H{Op; = RIL | fo(P;) — fe(Pi—1) = —1},
(1) := #{Op; = RIL | fo(P;) — fe(Pi—1) = 2},
(iv) := H{Op; = RI | fo(P;) — fe(Pio1) = —2}.

522 7. 1H® wRITY SRIFY, resp.) 12k 5> TH L { T 7 nugatory
double point % d¥ (d*, resp.) EW-5, 7z, TD wRIIHY (sRIY, resp.)
ZMHICC & 72 3B O THM 2 3@ T 3712 dv (d°, resp.) 225 d¥
(d%, resp.) ICHR% & &, ZD sub-curve Z TV (T, resp.) £§ 5 (X5).

1 [H@ sRIIT? 12 X > TH L T 7 nugatory double points % d, d’, d”
LW, F7, 2o sRIUHY) ZA#RIC T & 72 3K & ik Tl
N2 d (d, resp.) »*6 d (d, resp.) ICR% & E, %D sub-curve Z Ty (T3,
resp.) £ % (X6).
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6: SR Icfbis 2 d, &, d”, Ty, To.

Proof. R n(P") < n(P) 25,

Opi = RIL € {Op; = RIL | fu(P,) — f(Piiy) = 1}
U {Opi = RII | fC(Pl) - fc(Pi—l) = 2}
U{Op; =R | fo(P;) — fe(Pi-1) = O}

o T1HfTbi s RIBEDEHIEL T2 > THAT T %217,
£ (i1) =1 ((iv) =1, resp.) DHBEMEIE 22\, §2 L, (i) =1, (wi) =1
Op; =RV 0wt iz, UT, ZoOEETHATTE2IT).

Case 1. n(P")—n(P)=0%&723,

Case 1-1. (i) =10 &%, R(1) &V fu(P)—f(P)=1. ZDEE, wRIITY
(SRIIFY resp.) & L < 1 RIT 12 & o TR X 1172 nugatory dou-
ble point d¥ (d*, resp.) 75 P 125%%. Ziud P’ oI PG
5.

Case 1-2. (iii) = 1D &E. (1) &0 f(P)— f(P) =2 ZDLE,
SRIIT? & L < 1d RIT 12 & > TR X 1172 nugatory double point
d,d, £7213d" P 125 %, ZiUx P OBFITEICPIET 5.

Case 1-3. Op; = RIV ot &, Zot & f, 2283 hwv,. X A1)H»5
n(P)—n(P)=0Tbhs. fil#5L PP PPKNTHS LS,
P = reduced(P;_1), P’ =reduced(P;) TH5, ZDEZ P IF 1
FORMIZED PoroBEINnsg.

Case 2. n(P') —n(P)=-1%,75%.

Case 2-1. (i) =1 D& ¥. P’ Hirreducible & », wRIIFY (sRIIHY, resp.)
1ZB39 % nugatory double point ®D—2 d¥ (d*, resp.) »3RI™ IZ
ko THEEINS. LB >TTY (T4, resp.) (FHRAID RIs 1T
X D simple arc £ 72 %, #if#5 & P, P BEITHBZ LS, P
= reduced(P;) 13 1 [AlD o™ 12X D P = reduced(P;—1) 22 56%
ns.



Case 2-2. (iil) = 1D EE. R (1) &0 fu(P)—f(P)=1. CDLET %

7213 Ty 73 prime factor & L CHED DT, d, &, d’ DT —
OW PN, ShUE P BEEITH S LICKT S (d, d, d
D Ed 23 nugatory double point 7222 5). Z DHAEEMEIZ %0,

Case 2-3. Op; = RO © & %, n(P) —n(P) = -1 TH 255, Op; =

Case 3.

RI” 2 X - T nugatory double point 23 F#41C, Z#Ud RI™
TWEINS, —4, Op; = RIIY 12 X 5T nugatory double point
FEENAG, INSIEPERES, Op; = RIO omlagr 7z,

n(P')—n(P)=-3t¥5%,

Case 3-1. (i) =10 Z. (1) &0 fo(P)—fo(P)=-2. ZDLE, P'W

BERI7270 6 dv (d*, resp.) IZ RI™ TiHESI N5, fili@5 & P 2BE
HTHHI DD, reduced(P;_1) = P. ZHUCHERET AL, PIC
BWTIETY (T4, resp.) I simple arc ThH 5. L7d>T, 5
HJHEED & % prime factor (X 1 L7\, 23U f.(P') — f.(P)
= 2ICFETS. ZDEE, prime factors 23 295 21T IUT R S
2T, RIT D% — RIT @%ud 2. P & nugatory double point
zHo, P ORI PG,

Case 3-2. (iii) = 1D EE. P BPKITHSZ LItk Dy, sRIF? (= Op))

1ZB49 % double points d, d’, d’ (nugatory double points) 25 RI~
k> THEINS, LoT, ~MiEZKOTH LTy, T DYEIR
FD RI’s 2 & T simple arcs ICAE IS, 4, fifiids & P, P
DRI TH D Z LD 6, P = reduced(P;), P = reduced(P;_1).
DT EIERTSE, Ty, Th AREID RI's 12 & 5T simple
arcs ICATRENEDT, PPI31MD pTHIckh) ProBans,

Case 3-3. Op; = RI") @ & ¥, W5 L PP DBEHITH L D5, P =

Case 4.

Case 5.

reduced(P;_1), P’ = reduced(P;) TH 5. f.(P') — f(P) = 0.
n(P') —n(P) = -3ThHs»56, A (1) IR L%\, Op, =
RII o AfEREIR 20,

n(P)—n(P)=-2%t32%.  ZDLZE, J#s double points Z b, b’ &
T2, ZOLE Op; = sRIFD LHAWHEEIZARVDT, bV 13d, d,
' DHILED 2oL LTk, ~EERbLIFZIEL, d T 5L,
Ty, To \Z RI’s I & D) simple arcs £ 725, X->TC, d" b RITICK D
KEN3, Z0LE, P RENED2S, n(P)—nP) < -3 &k,
n(P") —n(P) = -2 L FIA.

n(P)—n(P)< -4 %, ZDLEOp; =sRIF? L2mlgedkid
B, WD e (5=1,2,3,4,...) 1k d &, d" O (=3) ZHALTV3,
FIE.
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