Some property of harmonic transformed
one dimensional generalized diffusion

Processes
TOMOKO TAKEMURA

Nara Women’'s University
joint work with Matsuyo Tomisaki

2009. 6.29



1. harmonic transform

X : one dimensional diffusion process on I = (I1,1»)
s . scale function
m . speed measure function
k . Killing measure function
Osmk - denerator of X

We consider

:,m,k,ﬁ — { h |gs,m,kh = Bh, h > O}) B > 0.

Remark.

smkﬁ#(b



p(t,z,y) : transition probaility of X w.r.t. m

For heH’;mkﬁ, we put

p(t,z,y)
h(z)h(y)

p*(t,z,y) = e

known result
We define s;, my,.

sy (2) Z/jh(az)_QdS(a:), my, () =/jh(a:)2dm(az), (cel).

Y : one dimensional diffusion process which generator is gsh,mh,o,
p* . the ransition probability of Y w.r.t. my,.



ForhEH’,’;mkﬁ,

H;; : gs,m,k = gSh,mh,O (H*gs,m,k — gsh,mh,O)-

Miyuki Maeno(2005)

Hg,m,o — {h | gs,m,Oh <0, h> O}; (H(S),m,g # @)
For h € H°

s,m,0’

p(t,z,y)
h(z)h(y)

Z . h transform of X
p°(t,z,y) : transition probability of Z w.r.t. dmy,.
G, my k- the generator of Z, (dk, = —hdDsh)

p°(t,x,y) =

For h € 'H? we put Hp @ Gsm,0 — Gs, my k-

s,m,Q’



Remark.

*

s,m,0,0 - Hg,m,O'
For h € H:,m,O,Ov Hﬁgs,m,o — Hzgs,m,O-
If k# 0 or 3> 0,then H7,, 0 N H k5 =0

s,m,k

Proposition.

() heH:rs = h P eHS o HY1HGs mk = Gsmk+8m
Specially,

B8=0= H;)L—lﬂ;;gs,m,k — gs,m,k

(i) heHS o= Rt EHE, o Hy 1HGsm,0 = Gsm,0

ShyMMp,



2. Recurrence and Transience

G : the set of all G, ,, &

- Recurrence and Transience

Gl = {Gsmpk k=0, s(l1) = —o0, s(lp) = oo}
Gl=ag\ag"

N

Proposition.
(i) Gsmo € G = He mo = Hsmoo=1{¢>0].
(ii) Gsmo € G, h e H! 3 B>0= H{Gsmo € Gt

s,m,0

(iii) Gomp € GT  heHS 13 B>0 = HiGomyp € Gl



3. The state of Boundary

Theorem. h € Hj‘;m k.3

h(l;) =0 h(l;) € (0,00) h(l;) = o0
(s,m, k) (s, myp,0) -entrance |  (sp, my, 0)
-regular -regular
(s,m, k) (s, myp,0) -entrance |  (sp, my, 0)
-exit -exit
(s}, my,0) -regular
(s,m, k) (Shamhv 0) it ‘mh(lz)| <0
-entrance -entrance (sp, mp,0) -exit
if |mp ()] = oo
(s, mp,0) -entrance (s, mp,0) -exit
(s,m, k) it Jmy,,s, (1) < 00 it Js, my, (1;) < o0
-natural (sp, mp,0) -natural (sp, mp,0) -natural

|f Jmh73h(li) — 0

if J8h7mh(li) — OO




4. Example

1 d2 (1,2 — 2_2 -1
gs,m,kzadwz_ r2 x>0, a>2

ds(z) = dz, dm(z) = 2dz, dk(z) = (a® — 272)z "% dx.

We set h(x) = VxKo(x/28). h € Hsmk,ﬁ

. B 1 d? 1 2BK!(zv2B)\ d
= HpGsm b = Gsmy,0 = 2 da2 T (2:8 T Ka(x/28) ) dz’
d
dsp(x) = :BK(%(;\/%) , dmp(x) = QxKC%(w\/QB) dzx.
Remark.

Ol natural — exit



