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1. harmonic transform

X : one dimensional diffusion process on I = (l1, l2)

s : scale function

m : speed measure function

k : killing measure function

Gs,m,k : generator of X

We consider

H∗s,m,k,β = { h | Gs,m,kh = βh, h > 0}, β ≥ 0.

Remark.

H∗s,m,k,β 6= ∅

1



p(t, x, y) : transition probaility of X w.r.t. m

For h ∈ H∗s,m,k,β, we put

p∗(t, x, y) = e−βt p(t, x, y)

h(x)h(y)
.

known result

We define sh, mh.

sh(x) =
∫ x

c
h(x)−2 ds(x), mh(x) =

∫ x

c
h(x)2 dm(x), ( c ∈ I ).

Y : one dimensional diffusion process which generator is Gsh,mh,0,

p∗ : the ransition probability of Y w.r.t. mh.
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For h ∈ H∗s,m,k,β,

H∗
h : Gs,m,k 7→ Gsh,mh,0 (H∗Gs,m,k = Gsh,mh,0).

Miyuki Maeno(2005)

Ho
s,m,0 = {h | Gs,m,0h ≤ 0, h > 0}, (Ho

s,m,0 6= ∅)
For h ∈ Ho

s,m,0,

po(t, x, y) =
p(t, x, y)

h(x)h(y)
.

Z : h transform of X

po(t, x, y) : transition probability of Z w.r.t. dmh.

Gsh,mh,kh
: the generator of Z, (dkh = −hdDsh)

For h ∈ Ho
s,m,0, we put Ho

h : Gs,m,0 7→ Gsh,mh,kh
.
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Remark.

H∗s,m,0,0 ⊂ Ho
s,m,0.

For h ∈ H∗s,m,0,0, Ho
hGs,m,0 = H∗

hGs,m,0.

If k 6= 0 or β > 0, then Ho
s,m,0 ∩H∗s,m,k,β = ∅.

Proposition.

(i) h ∈ H∗s,m,k,β ⇒ h−1 ∈ Ho
sh,mh,0 , Ho

h−1H
∗
hGs,m,k = Gs,m,k+βm

Specially,

β = 0 ⇒ Ho
h−1H

∗
hGs,m,k = Gs,m,k

(ii) h ∈ Ho
s,m,0 ⇒ h−1 ∈ H∗sh,mh,kh,0 , H∗

h−1H
o
hGs,m,0 = Gs,m,0
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2. Recurrence and Transience

G : the set of all Gs,m,k

Recurrence and Transience¶ ³

GR = {Gs,m,k : k = 0, s(l1) = −∞, s(l2) = ∞}
GT = G \GR

µ ´

Proposition.

(i) Gs,m,0 ∈ GR ⇒ Ho
s,m,0 = H∗s,m,0,0 = {c > 0}.

(ii) Gs,m,0 ∈ GR, h ∈ H∗s,m,0,β β > 0 ⇒ H∗
hGs,m,0 ∈ GT

(iii) Gs,m,k ∈ GT , h ∈ H∗s,m,k,β, β ≥ 0 ⇒ H∗
hGs,m,k ∈ GT
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3. The state of Boundary

Theorem. h ∈ H∗s,m,k,β

h(li) = 0 h(li) ∈ (0,∞) h(li) = ∞
(s, m, k) (sh, mh,0) -entrance (sh, mh,0) ———
-regular -regular

(s, m, k) (sh, mh,0) -entrance (sh, mh,0) ———
-exit -exit

(sh, mh,0) -regular
(s, m, k) ——— (sh, mh,0) if |mh(li)| < ∞
-entrance -entrance (sh, mh,0) -exit

if |mh(li)| = ∞
(sh, mh,0) -entrance (sh, mh,0) -exit

(s, m, k) if Jmh,sh(li) < ∞ ——— if Jsh,mh(li) < ∞
-natural (sh, mh,0) -natural (sh, mh,0) -natural

if Jmh,sh(li) = ∞ if Jsh,mh(li) = ∞
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4. Example

Gs,m,k =
1

2

d2

dx2
− a2 − 2−2

2x2
, x > 0, a > 2−1

ds(x) = dx, dm(x) = 2 dx, dk(x) = (a2 − 2−2)x−2 dx.

We set h(x) =
√

xKa(x
√

2β). h ∈ H∗s,m,k,β

⇒H∗
hGs,m,k = Gsh,mh,0 =

1

2

d2

dx2
+

(
1

2x
+

√
2βK′

a(x
√

2β)

Ka(x
√

2β)

)
d

dx
,

dsh(x) =
dx

xK2
a (x

√
2β)

, dmh(x) = 2xK2
a (x

√
2β) dx.

Remark.

0：natural → exit
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