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1. DF of ODGDP

[Rt, P
R] : one-dim generalized diffusion process on I = (l1, l2)

sR : scale funcition
mR : speed measure

We consider

ER(u, v) =
∫

I

du

ds

dv

ds
ds

F[ER] ={u ∈ L2(I; dmR)|
u : absolutely conti. on I w. r. t. ds and ER(u, u) < ∞ }



PROPOSITION 1. (ER,F[ER]) is a regular strong lo-

cal irreducible Dirichlet form on L2(I; dmR), Its core

is

CR = {u ◦ s : u ∈ C1
0(J)}

where J = s(I).

Assume

Both of li, i = 1,2, are (sR, mR)-entrance or natural,

that is,
∫

(c,li)
dsR

∫

[x,c)
dmR(y) = ∞,

∫

(c,li)
dmR(x)

∫

[x,c)
dsR(y) = ∞.



2. DF of SBM

[Θ(d−1)
t , PΘ(d−1)

] : Brownian Motion on Sd−1

PROPOSITION 2. Dirichlet form of d−1 dim Spher-

ical Brownian Motion is

ESd−1
(u, v) =

1

2

d−1∑

i=1

∫

Sd−1

∂u

∂θi

∂v

∂θi

1

(sin θi−1)2
dm(d−1)(θ),

F[ESd−1
] = C∞0 ((0, π)× · · · × (0, π)× S1),

where sin θ0 = 1,

dm(d−1)(θ) = (sin θ1)
d−2(sin θ2)

d−3 · · · sin θd−2 dθ1 · · · dθd−2dθd−1,

θ = (θ1, θ2, · · · , θd−1) ∈ (0, π)×· · ·×(0, π)×[0,2π].



3. skew product of ODGDP and SBM

X = [(R(t),Θ(f t)) : PR
r ⊗ PΘ

θ ] : skew product difusion,

ft =
∫

I
lR(t, ξ)dν(ξ), t > 0.

PROPOSITION 3. Dirichlet form is

EX(u, v) =
∫

Sd−1
ER(u(·, θ), v(·, θ)) dm(d−1)(θ)

+
∫

I
ESd−1

(u(r, ·), v(r, ·))dν(r),

for f, g ∈ CX, where CX = {f(sR(r), θ) : f ∈ C∞0 (J ×
Sd−1)} and J = sR(I).



4. FP of skew product diffusion
We set

pX
t f(r, θ) = ER

r ⊗ EΘ
θ [f(R(t),Θ(f(t))].

X = [(R(t),Θ(f(t)) : PR
r ⊗ PΘ

θ ] satisfies Feller property

in the following sence.

THEOREM 4.Let i = 1, 2, t > 0 and f ∈ Cb(I×Sd−1).

(i) pX
t f(r, θ) ∈ Cb(I × Sd−1)

(ii) Assume that li is (sR, mR)-entrance and
∫ c

li
s(ξ)ν(dξ) = −∞.



Further assume that there exists lim
r→li

f(r, θ). Then

there exists

lim
r→li

pX
t f(r, θ) =

1

Ad−1

∫

Sd−1
ER

li
[f(Rt, ξ)] dm(d−1)(ξ),

where Ad−1 =
∫
Sd−1 dm(d−1).

(iii) Assume that li is (sR, mR)-natural and lim
r→li

sup
θ∈Sd−1

|f(r, θ)| =
0. Then

lim
r→li

pX
t f(r, θ) = 0.



5. FP of time changed process
We consider

Y =
[(

Rτt,Θf(τt)

)
, PR

r × PΘ
θ

]
.

τt : inverse of A(t) =
∫
I lR(t, r)dµ(r), t ≥ 0,

supp[µ] = Λ We set

pY
t f(r, θ) = ER

r ⊗ EΘ
θ [f(R(τt),Θ(f(τt))].

THEOREM 5. Let i = 1, 2, t > 0 and f ∈ Cb(Γ),
whrere Γ = Λ× Sd−1.

(i) pY
t f(r, θ) ∈ Cb(Γ)

(ii) Assume that li is (sR, µ)-regular or exit, then

lim
r→li

pY
t f(r, θ) = 0.



(iii) Assume that li is (sR, µ)-entrance,
∫ c

li
sR(ξ)ν(dξ) = −∞.

and there exists lim
r→li

f(r, θ). Then there exists

lim
r→li

pX
t f(r, θ) =

1

Ad−1

∫

Sd−1
ER

li
[f(Rτt, ξ)] dm(d−1)(ξ).

(iv) Assume that li is (sR, µ)-natural and

lim
r→li

sup
θ∈Sd−1

|f(r, θ)| = 0.

Then

lim
r→li

pY
t f(r, θ) = 0.



6. DF of time changed process
Assume Λ 6= I, ν = mR on I \ Λ, and for any compact
set B ⊂ I, there exist a positive constant MB satisfying

1B(r) dsR ≤ MB1B(r)dmR.

We set I \ Λ = ∪k∈K(ak, bk). By virtue of a general
theory of ODGDP’s, there exist the following limits.

J
1,1
k (θ, ϕ) := lim

r↓ak

DsR(r)Gk,2(r; θ, ϕ).

J
1,2
k (θ, ϕ) := lim

r↓ak

DsR(r)Gk,1(r; θ, ϕ).

J
2,1
k (θ, ϕ) := − lim

r↑bk

DsR(r)Gk,2(r; θ, ϕ).

J
2,2
k (θ, ϕ) := − lim

r↑bk

DsR(r)Gk,1(r; θ, ϕ).

Gk,1(r; θ, ϕ) =
∫ ∞
0

pΘ(t, θ, ϕ)hR
Ik

(t, r, bk) dt



=
∞∑

n=0

κ(n)∑

l=1

Sl
n(θ)S

l
n(ϕ)EPR

r

[
e
−γnσR

bk;σR
bk

< σR
ak

]
,

Gk,2(r; θ, ϕ) =
∫ ∞
0

pΘ(t, θ, ϕ)hR
Ik

(t, r, ak) dt

=
∞∑

n=0

κ(n)∑

l=1

Sl
n(θ)S

l
n(ϕ)EPR

r

[
e
−γnσR

ak;σR
ak

< σR
bk

]
,

THEOREM 6. the Dirichlet form (EY,FY) of Y is reg-

ular on L2(Γ, µ ⊗m(d−1)) and has CX|Γ as a core. For

f ∈ CX|Γ, the Dirichlet form (EY,FY) is given by the

following.

EY(f, f) =
∫

Γ
∂∗

sRf(r, θ)2 dsR(r) dm(d−1)(θ) +
∫

Λ
EΘ(f(r, ·), f(r, ·)) dν(r)

+
1

2

∑

k∈K:l1<ak<bk≤l2

∫

Sd−1×Sd−1
{f(ak, θ)− f(ak, ϕ)}2J

1,1
k (θ, ϕ) dM(θ, ϕ)



+
1

2

∑

k∈K:l1≤ak<bk<l2

∫

Sd−1×Sd−1
{f(bk, θ)− f(bk, ϕ)}2J

2,2
k (θ, ϕ) dM(θ, ϕ)

+
1

2

∑

k∈K:l1<ak<bk<l2

∫

Sd−1×Sd−1
{f(ak, θ)− f(bk, ϕ)}2J

1,2
k (θ, ϕ) dM(θ, ϕ)

+
1

2

∑

k∈K:l1<ak<bk≤l2

∫

Sd−1×Sd−1
{f(bk, θ)− f(ak, ϕ)}2J

2,1
k (θ, ϕ) dM(θ, ϕ)

+ I1(f) + I2(f). (1)

Here the first term of the right hand side vanishes in
case that

∫
Λ dsR(r) = 0. The last two terms Ii(f), i =

1,2 should be read as

I1(f) =





1

sR(bk)− sR(l1)

∫

Sd−1
f(bk, θ)2 dm

(2)
d−1(θ)

if l1 = ak < bk < l2 and sR(l1) > −∞,

0 otherwise,



I2(f) =





1

sR(l2)− sR(ak)

∫

Sd−1
f(ak, θ)2 dm

(2)
d−1(θ)

if l1 < ak < bk = l2 and sR(l2) < ∞,

0 otherwise,

EXAMPLE 7. R: Bessel process on I = (0,∞)

GR =
1

2
(

d2

dr2
+

d− 1

r

d

dr
), dsR(r) = 2r1−ddr, dmR(r) = rd−1dr.

0 : (sR, mR)-entrance. ∞: (sR, mR)-natural

(i) dµ(r) =1(0,a)(r)dmR(r),

dν(r) =1(0,a)(r)dω(r) + 1(a,∞)(r)dmR(r),

(0 < a < ∞, supp[ω] = Iand|
∫ a

0
sR(r) dω(r)| = ∞).



For f ∈ CX|(0,a)×Sd−1,

EY(f, f) =
1

2

∫

(0,a)×Sd−1

∂f

∂r
(r, θ)2 rd−1dr dm(d−1)(θ)

+
∫

(0,a)
EΘ(f(r, ·), f(r, ·)) dω(r)

+
1

2

∫

Sd−1×Sd−1
{f(a, θ)− f(a, ϕ)}2J(θ, ϕ) dM(θ, ϕ) + I(f),

where

I(f) =





d− 2

2
ad−2

∫

Sd−1
f(a, θ)2 dm(d−1)(θ), if d ≥ 3,

0, if d = 2.

Further J(θ, ϕ) is given as follows.

J(θ, ϕ) = lim
r↓a

DsR(r)

∞∑

n=0

κ(n)∑

l=1

Sl
n(θ)S

l
n(ϕ)EPR

r

[
e−γnσR

a

]



Especially, if d = 2, then

J(θ, ϕ) =
(
8π sin2 θ − ϕ

2

)−1
.

Therefore EY corresponding to the case d = 2 is

EY(f, f) =
1

2

∫

(0,a)×S1

∂f

∂r
(r, θ)2 rdr dθ +

1

2

∫

(0,a)×S1

∂f

∂θ
(r, θ)2 dω(r) dθ

+
1

16π

∫

S1×S1
{f(a, θ)− f(a, ϕ)}2 1

sin2((θ − ϕ)/2)
dθdϕ.



(ii) dµ(r) =1(a,b)(r)dmrmR(r),

dν(r) =1(0,a)∪(b,∞)(r)dmR(r) + 1(a,b)(r)dω(r),

(0 < a < b < ∞, supp[ω] = I).

For f ∈ CX|(a,b)×Sd−1,

EY(f, f) =
1

2

∫

(a,b)×Sd−1

∂f

∂r
(r, θ)2 rd−1dr dm(d−1)(θ)

+
∫

(a,b)
EΘ(f(r, ·), f(r, ·)) dω(r)

+
1

2

∫

Sd−1×Sd−1
{f(a, θ)− f(a, ϕ)}2J1(θ, ϕ) dM(θ, ϕ)

+
1

2

∫

Sd−1×Sd−1
{f(b, θ)− f(b, ϕ)}2J2(θ, ϕ) dM(θ, ϕ) + I(f),



where

I(f) =





d− 2

2
bd−2

∫

Sd−1
f(b, θ)2 dm(d−1)(θ), if d ≥ 3,

0, if d = 2.

Further J(θ, ϕ)i, i = 1,2, is given as follows.

J1(θ, ϕ) =− lim
r↑a

DsR(r)

∞∑

n=0

(r/a)n
κ(n)∑

l=1

Sl
n(θ)S

l
n(ϕ),

J2(θ, ϕ) = lim
r↓b

DsR(r)

∞∑

n=0

(r/a)n
κ(n)∑

l=1

Sl
n(θ)S

l
n(ϕ)



When d = 2,

J1(θ, ϕ) =
(
8π sin2 θ − ϕ

2

)−1
, J2(θ, ϕ) =

(
8π sin2 θ − ϕ

2

)−1
.

Therefore EY corresponding to the case d = 2 is

EY(f, f) =
1

2

∫

(a,b)×S1

∂f

∂r
(r, θ)2 rdr dθ +

1

2

∫

(a,b)×S1

∂f

∂θ
(r, θ)2 dω(r) dθ

+
1

16π

∫

S1×S1
{f(a, θ)− f(a, ϕ)}2 1

sin2((θ − ϕ)/2)
dθdϕ

+
1

16π

∫

S1×S1
{f(b, θ)− f(b, ϕ)}2 1

sin2((θ − ϕ)/2)
dθdϕ.


