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1. DF of ODGDP

[R:, PR] : one-dim generalized diffusion process on I = (i1,1»)
sht . scale funcition
mft . speed measure

We consider

dud
ER-(u, v) =/—u—vds
I dsds

FIER] ={u € L?(I; dm™)|
u . absolutely conti. on I w. r. t. ds and SR(u,u) < oo }



PROPOSITION 1. (8 F[EX]) is a regular strong lo-
cal irreducible Dirichlet form on L2(I;dm%f), Its core

IS
Cl={uos: uwe ()}
where J = s(I).

Assume
Both of I;, i = 1,2, are (s, mf)-entrance or natural,

that is,

/(C,li) ds’? /[%C) dmP(y) = oo, /(c,li) dm®i(z) /[a;,c) dsB(y) = oo.




2. DF of SBM
(el pelY1. Brownian Motion on §¢-1

PROPOSITION 2. Dirichlet form of d—1 dim Spher-
ical Brownian Motion is

d—1
. 1
£5 (uv) = Y / udv__ 5 dm(?71(0),
2 i—1 Sd=1.06,00; (sin6;_1)

FIe5) = C°((0,7) x -+ x (0,7) x 1),

where sinfg = 1,
dm(d=1)(9) = (sin01)42(sin05)43...sinb; »dh;---db; ~dby 1,
0= (917927"' 7(9d—1) S (O,T(')X"'X(O,T(')X[O,Qﬂ'].




3. skew product of ODGDP and SBM

X = [(R(t),©(fy) : PR PP] : skew product difusion,

f, = /I (B(t, &)dv(€), t> 0.
PROPOSITION 3. Dirichlet form is

EX (u,v) = /

gd—1 gR(u('v 0),v(+,0)) dm(d_l)(e)

Sd—l
+ /]8 (u(r, '>7 U(Tﬂ .))dy(fr),

for f,g € C*, where C* = {f(s®(r),0) : f € C&(J x
S4=1Y1 and J = ().



4. FP of skew product diffusion
We set

pi f(r,0) = EF @ EQ[f(R(t), ©(f(1))].

X = [(R(t),©(f(t)) : P ® PP satisfies Feller property
in the following sence.

THEOREM 4. leti=1, 2,t>0and f € Cp(IxS%1).
(i) pi £(r,0) € Cp(I x S971)

(ii) Assume that l; is (sf*, mf)-entrance and

/l:sos)u(dg) = .



Further assume that there exists lim f(r,0). Then

r—l;

there exists

lim pi* £(r,0) =
7n_%pt f(r,0) A 1

/sdl B[ (Ry, €)] dm 1) (g),

where Ad—l = fsd—l dm(d_l).

(iii) Assume thatl; is (s'*, m'*)-natural and lim sup |f(r,0)| =
r—li gc gd—1
O. Then

lim p;* f(r,6) = 0.

r—1;



5. FP of time changed process
We consider

Y = [(Rﬁ, @f(Tt)),Pﬁ X P9@] .

¢ o inverse of A(t) = [;1%(t,r)du(r), t>0,
supp[u] = A We set

pi f(r,0) = EE® ER[f(R(r), ©(F())].

THEOREM 5.Llet : =1, 2, t > 0 and f € Cy(IN),
whrere T = A x S9-1,

(i) p f(r,0) € Cyp(I")

(ii) Assume that l; is (s¥, u)-regular or exit, then

im py f(r,0) = 0.
r—l;



(iii) Assume that l; is (s, u)-entrance,

| sf(©w(de) = .

(

and there exists lim f(r,0). Then there exists

r—l;
im o £(r,0) = —— [ B (R, O] dm @D (&)
r—l; t 7 Ag_q /891 i Tt ‘

(iv) Assume that l; is (s¥, u)-natural and

lim sup |[f(r,0)] = 0.
r—l; ge gd—1

T hen

im py f(r,0) =0.
r—l;



6. DF of time changed process
Assume AN = I, v = mit on I'\' A\, and for any compact
set B C I, there exist a positive constant Mpg satisfying

15(r) ds®* < Mg1g(r)dm®.

We set I \ A = Ugcg(ag,b). By virtue of a general
theory of ODGDP's, there exist the following limits.

1,1 .
J. 7 (0,0) i= lim DSR(T)G]{,Q(T;Q,QO).

rlag
J;Q(g,gp) = ;m D r(yGr,1(r:0,9).
TeH(0,9) 1= = i DynyGra(ri 0, 9)
Te2(0,9) = = lIm D) G 1(r36,9),

Gr1(ri0,0) = [ pO(t,0,0)hE (t,r,by) d
k,l(ri 790)_ 0 p (ta 790) [k(tar7 k) t



co K(n)

R —’ynoR
=Y Y SL@SL BN | "ol <ol
n=0 |=1
Gro(ri0.0)= [ p2(t. 0, 0)hE dt
k,Q('r‘, 790)_ 0 p (t7 790) [k(t77a7a’k)
%, ln) l l PR[ —ynoll . R R
=3 X Si@S B [T ol < o]
n— =

THEOREM 6. the Dirichlet form (£Y,FY) of Y is reg-
ular on L2(I", p ® m@=1)Y) and has ¢X| as a core. For
f € CX|r, the Dirichlet form (£Y,FY) is given by the
following.

Y = * £ (r 0)2 dsB(r) dmd—1) S(f(r. - r.-)) dv(r
V(. ) = [ Ot (r,0)2ds™ () am @D (0) + [ €9(F (), (7)) du(r)

1
t 2 Z /d—l d—1{f(aka 0) — f(ag, 90)}2‘]15’1(9’ p) AM(0, )
Se=ixS
ke K:l1<ap<bp<lo



1
ts 2 /Sd—lxsd—1{f(bk7 0) — £ (ks )} T % (6, 0) dM(8, )
keK:l1<ap<bp<lp
1
*5 2 /Sd—lxsd—1{f(aka 0) — f (br, ©) 127, 7(0, ) dM(8, )
ke K:l1<ap<bp<lo
1
T 2 Z /Sdlxsdl{f(bkae) - f(akaSO)}Q‘]lfjl(e’@) dM(0, ¢)
keK:l1<ap<bp<lp
+ I (f) + 12(f). (1)

Here the first term of the right hand side vanishes in
case that [, ds'(r) = 0. The last two terms I;(f), i =
1,2 should be read as

( 1 (2)
by, 0)2 d 0
st (by) — sf(ly) Sd—lf( 07 A (9)
I1(f) = | ifly = ap < b, < lo and sB(l11) > —oo,
| 0 otherwise,




( 1

stt(l2) — sfi(ay,) Jsd-1
ifl1 < ar < by, = 1lo and sf(l5) < oo,

0 otherwise,

f(ar, 0)2 dm'?, (0)
I>(f) =

\

EXAMPLE 7. R: Bessel process on I = (0, 0)

1, d? d— 1d
GR = —( ) dsR(r)—er ddr dmR(r)—'rd Lar.
2 dr2 r

0 : (sR,mR)-entrance. co: (sR, mR)-natural
(D) du(r) =1(g ) (r)dm(r),

dv(r) =1(0 4y (M) dw(r) + 1(4 50y (P)dm(r),

(0 < a < oo,supplw] = Iand| /OaSR(T) dw(r)| = oo0).




FOI’ f E CX|(O,CL)XSd_1'

1 0 _ _
Y1) =5 [ o O Ldr dm @D o)

+ EC(f(r,-), f(r,-)) dw(r)

(0,a)
1
5 Loir caa 1F@0) = £(a, @) }20(0,0) M8, ) + 1),
where
I(f) = { d_72 " /Sdl f(a,0)? dm{=D(0), ifd >3,
0, if d = 2.

Further J(0, ) is given as follows.

0o K1) R]

. R[ _~ o
J0.9) =MDy 3 30 SHOSI BT [
n— =



Especially, if d = 2, then

0 — —1
J(@,gp)z(&rsin2 290) :

Therefore £Y corresponding to the case d =2 is

Y _1 o (. )2 1 o (. )2
EY(S, ) =2 Jo.0yxst or (r,0)< rdr df + 2 J0.0) .51 06 (r,0)< dw(r) db
1 ) 1
_I_E Slxsl{f(a,e) —f(CL,QO)} S|n2((9—90)/2) d@dgp



(i) du(r) =1(qp)(r)dm ™ (r),
dv(r) =1(0.0)u(b.0o) (MM (1) + 14 ) (P dw(r),
(0 <a<b<oo,supplw] =1).

For f € CX|(a b xS

EVI =5 ooy ° () vy dm @D (0)

+ EC(f(r,-), f(r,-)) dw(r)

(a,b)
2 o o 1@, 0) = Fa )P T1(6, ) dM(6, )
+2 (F(5,8) — F(b,)}2T2(6, ) AM(8, &) + I(f),

2 J§d—1ygd—1



where

i-2 _ |
1) = { SR L 0,02 dm (), ifd>3

2
0, if d=2.
Further J(0,¢p);, 1 = 1,2, is given as follows.
k(n)
J1(8,9) = = lim D, Z (r/a)" 3 Sn(0)Sn(p),
=1
k(n)

Jo(0:) =lim D,y Z (r/a)™* > Sp(0)S5 ()
=1



When d = 2,

0 — o\ 1 0 — o\ 1
J1(9,¢)=(87rsin2 290) , Jg(@,gp):(SwsinQ 290) .

Therefore £Y corresponding to the case d =2 is

Y _1 o (. )2 1 o (. )2
EY(S, ) =2 Japyxst or (r,0)< rdr df + 2 Jabyxst 06 (r,0)< dw(r) db
1 ; 1
+16—7T Slxsl{f(a76)_f(a790)} S|n2((9—90)/2) d@dgp

— 1_ df
sin2((0 — ¢)/2)

1 2
+16—7T Slxsl{f(b79)_f(b790)} ng



